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Abstract. The objective of this paper is to clarify the relationships between the quantum 
D-module and equivariant Floer theory. Equivariant Floer theory was introduced by Givental 
in his paper "Homological Geometry". He conjectured that the quantum D- module of a 
symplectic manifold is isomorphic to the equivariant Floer cohomology for the universal cover 
of the free loop space. First, motivated by the work of Guest, we formulate the notion of 
"abstract quantum D-module" which generalizes the D-module defined by the small quantum 
cohomology algebra. Second, we define the equivariant Floer cohomology of toric complete 
intersections rigorously as a D-module, using Givental's model. This is shown to satisfy 
the axioms of abstract quantum D-module. By Givental's mirror theorem |Giv3j . it follows 
that equivariant Floer cohomology defined here is isomorphic to the quantum cohomology 
D-module. 
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1. Introduction 

It is known that the quantum cohomology ring is isomorphic to Floer cohomology with the 
'pair of pants' product (P 55 ] IRT] . Givental proposed the equivariant version of this isomor- 
phism, and conjectured that the quantum D-module is isomorphic to S^-equivariant Floer 
cohomology |Givl| . The quantum D-module is a quantum cohomology ring endowed with a 
D-module structure. On the other hand, the S^-equivariant Floer theory is the semi-infinite 
cohomology theory of the universal cover LM of free loop spaces, where S 1 acts on LM by 
rotating loops. It (conjecturally) has a D-module structure. If M is simply-connected, any 
2-dimensional cohomology class on M can be lifted to an equivariant class on LM. Equivari- 
ant Floer cohomology is considered to become a D-module by multiplication of 2-dimensional 
equivariant classes and pull-back by covering transformations. In the paper "Homological 
Geometry", Givental constructed an explicit model for LP n , and by a formal computation, 
obtained a generating function of the quantum D-module, which is called the "J- function" . 
Equivariant Floer theory is, however, not defined rigorously, therefore his method has not been 
justified yet. Nevertheless, his formal computation of the J- function gives the correct answer. 
This was proved by another method using the localization over the moduli space of stable maps 
by Givental [Hvv^lHiv3] and also by Lian, Liu and Yau |LLYHIlT721ILLY3| . 

Our motivation is to justify Givental's method in the original form. For that purpose, 
we must first define equivariant Floer theory rigorously. In this paper, we construct it for 
complete intersections in toric manifolds explicitly by using Givental's model L for LM. Floer 
cohomology is constructed as the inductive limit of cohomology algebras. This definition makes 
the meaning of the word "semi-infinite dimension" clear. For example, each element in Floer 
cohomology can be expressed as a differential form of infinite degree. For non-equivariant Floer 
cohomology, the same construction was done by Cohen- Jones-Segal |CJSj in the case of P n . 
The present paper generalizes their construction to intersections in toric varieties. Equivariant 
Floer cohomology also gives a mathematical model for the genus part of Witten's gauged 
linear sigma models |Witj . 

l 
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We show that our equivariant Floer cohomology has the structure of an abstract quantum 
D-module. An abstract quantum D-module is, roughly, a sheaf over the infinitesimal neigh- 
borhood of in C r endowed with a flat connection with a parameter h. The original quantum 
-D-module is a trivial sheaf over H 2 (X, C* ) with fiber H* (X, C) endowed with a dual Given- 
tal connection. We choose a partial compactification H 2 (X,C*) <^-> C r by adding a "large 
radius" limit point £ C. The main difference from the original one is that we do not a 
priori fix a frame of the sheaf and coordinates q = (q , . . . , q r ) of the base space C' r . In spite 
of the indeterminacy, we show that these choices are canonically determined by the condition 
that the connection matrices represented in the frame are ^-independent. Original quantum 
D-modules have /i-independent connection matrices, therefore, from the beginning, they are 
endowed with canonical frames and coordinates. In particular, it turns out that the abstract 
-D-module structure determines a quantum deformation of the cup product. Guest proved the 
existence of a canonical frame in the neighborhood of a point q ^ in jGue3| using the Birkhoff 
factorization of a loop group. We prove the existence and uniqueness of the canonical frame 
in the neighborhood of q = 0. The idea to transform a system of differential equations to a 
"normal" form goes back to Birkhoff. In singularity theory, the Birkhoff factorization appears 
in connection with the construction of primitive forms |Sai| . In the context of mirror symmetry, 
it appears in the work of Barannikov |Barj and Coates and Givental |CG| . The present paper 
makes the role of the Birkhoff factorization explicit. 

Finally, we show that our equivariant Floer cohomology is isomorphic to the quantum D- 
module for nef toric complete intersections using Givental's mirror theorem in |Giv31 ILLY3j . 
This follows from the coincidence of the two J-functions, one from equivariant Floer cohomology 
and the other from quantum cohomology. We will treat the case where the first Chern class is 
not nef in |Iri2j . 

Strictly speaking, we regard a toric complete intersection as a superspace (X-%, V) — a pair 
consisting of a toric manifold Xj] and a sum V of nef line bundles. We will introduce the 
notion of quantum products and quantum .D-module for superspaces in Section [21 It takes 
into consideration only quantum multiplications of classes from the ambient toric manifolds. 
Therefore, the quantum D-module under consideration is for the superspace (X%,V) rather 
than for the complete intersection itself. 

Another important point in this paper is a pairing between equivariant Floer homology and 
cohomology. It is defined as the infinite dimensional Poincare pairing between semi-infinite 
cycle and cocycles. Moreover, this geometrical pairing coincides with the pairing defined for 
abstract quantum D-modules. 

The paper is organized as follows. In Section 2, we explain quantum cohomology and D- 
modules for convex superspaces. In Section 3, we formulate the abstract quantum D-module. 
We prove the existence and uniqueness of the canonical frame. In Section 4, we construct the 
equivariant Floer cohomology for toric complete intersections. We prove that the equivariant 
Floer cohomology is isomorphic to the quantum D-module for nef toric complete intersections. 
In Section 5, we illustrate the general theory by examples using the Hirzeburch surface. 

We remark that in this paper, we only deal with the small quantum cohomology, not the 
large one. We also restrict our attention to manifolds whose cohomology rings are generated 
by two dimensional classes. A generalization to the large quantum cohomology will also be 
treated in |Iri2j . 
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2. Quantum Cohomology and D-modules 

In this section we introduce the notion of quantum D-module for convex supermanifold. 
Here, we mean by the word supermanifold a pair (M, V) of a manifold M and a vector bundle 
V on it, following Givental's terminology in |Giv3j . The fundamental class of the supermanifold 
is by definition the cap product of the fundamental class of M with the Euler class Euler(V) 
of V. 

Let M be a smooth projective manifold whose total cohomology ring is generated by two 
dimensional cohomology classes and V be a holomorphic vector bundle over M. We assume 
that V is convex, i.e. for any rational curve C and holomorphic map /: C — > M, we have 
^(C, f*(V)) = 0. The first Chern class of the supermanifold is defined by c\(M/V) := 
c\{TM) — ci(V). Later, we assume that ci(M/V) is a nef class, but this assumption is unnec- 
essary in this section. Let {Tj}j =0 be a basis of total cohomology ring H*(M,C), and {T J }j =0 

be its dual basis with respect to the Poincare pairing i.e. j M TiUT 1 = b\. We assume that 
Tq = 1 and T s is the Poincare dual of a point. 

Let A C Hz(M, Z)fr ee be the semigroup generated by classes of effective curves, where 
H2(M, Z)f ree means H2{M,Z) modulo its torsion. For the superspace (M, V), we have a quan- 
tum product structure on the module H* (M, C)<8>C[A] , which was first introduced in |Giv2j and 
explicitly written down in [Fan]. Let Mo n (M, d) be the moduli space of genus zero, degree d sta- 
ble maps to M with n marked points. We have a forgetful map 7Tj : Mo lf i+i(M, d) — > Mq )TL {M, d) 
which forgets the i-th marked point and an evaluation map ej : Mo n +i(Af] d) —* M which eval- 
uates at the i-th marked point. We define an orbibundle Vd over the moduli space Mo,n(M, d) 
as 

V d := TT n+u e* n+1 (V). 

The fiber of Vd at the stable map /: C — > M is isomorphic to H°(C, f*(V)). Therefore by the 
convexity of V, the rank of Vd is equal to (ci(V),d) + 1. Define a subbundle V' di by the exact 
sequence 

► V' d>i ► V d ► e*(V) ► 0, 

where the last map is an evaluation map of sections in H°(C, f*(V)) at the i-th. marked point. 
We introduce a fiber-wise S 1 action on the bundles V, Vd and V' di i.e. S* 1 acts on each fiber 
by scalar multiplication and trivially on the base. Let A be a generator of the equivariant 
cohomology of a point with respect to this S 1 action. Define the small quantum product * by 
the formula 

Ti * Tj = Y, 1^ [- e i( T *) U e *2( T j) u 4(Tk) U Euler s i(V' d>3 ), (1) 

k=0,...,s 

where q d denotes an element in the group algebra C[A]. This product structure * is extended 
linearly over C[A][A] and defines a commutative, associative algebra structure on the module 
H*(M,C) (g> C[A][AJ. We call this algebra the (equivariant) small quantum cohomology 
of the superspace (M, V) and denote it by QH* sl (M /V). Similarly we can define its non- 
equivariant counterpart QH*(M/V). The product * is a ^-deformation of the usual cup product. 
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If we assign degree 2{c x (M/V),d) to an element q d in C[A], then QH* sl (M/V) and QH*(M/V) 
become graded rings. Define a Poincare pairing for the superspace by 

(T i ,T j ) v = I TiUTjUEulersiiV). 
Jm 

Then we have the following Frobenius property. 

(T^^T^ = (T i *T J ,T k ) v for all i, j, k. (2) 

When we have V = 0, the above definition of quantum cohomology of (M, V) coincides with 
that of M itself. The quantum product * of superspaces is less familiar than that of projective 
manifolds. In fact, it is closely related to the quantum cohomology of the zero-locus N of a 
transverse section of V. Let i: N — > M be the inclusion. By |Pan| Proposition 4], we have a 
ring homomorphism 

i*: QH*(M/V) — ► QH*(N), 

provided that the tangent bundle TM is convex and H2(M,Z) = H2{N, r L). Therefore we can 
say that quantum cohomology for superspaces detects quantum products of classes in N which 
come from the ambient space M. 

For convenience, we choose coordinates of C[A] and modify the above definition of small 
quantum cohomology slightly. The set of nef classes in H 2 (M, Z)f ree forms a semigroup and its 
convex hull in if 2 (M, M) forms a cone a. The interior of the cone a is non-empty because it 
contains a class represented by the Kahler form. We choose nef classes p\, . . . ,p r in H 2 (M, Z)f rce 
which form a Z-basis of H 2 (M,Z,){ ree . When c\{M/V) is nef, we choose pi,...,p r so that 
c\(M/V) is contained in the cone generated by p\, . . . , p r . Let q 1 , . . . , q r in Hi{M, Z<)free be a 
dual basis of p\, . . . ,p r satisfying (p a , q h ) = 5 a . For an element d G A, q G C[A] is identified 
with the element 

( q ±)(Pud) ( q 2)(P2,d) _ _ _ ^(Pr,d) mC[q 1 ,...,q r ]. 

Therefore, we can embed C[A] into the polynomial ring C[q , . . . , q r ]. Note that {p a , d) is non- 
negative because p a is nef. Through the above inclusion, the degree of q a is identified with 
2(ci(M),q a ). Note that degq a is non-negative if c\{M /V) is nef. In general, the degree of q a 
can be negative. We frequently regard q a as a complex coordinate of H 2 (M,C*) as follows. 

q a : H 2 (M,C*) = H 2 (M,C/2nV^lZ) 3 a i — ► exp((a,g a )) G C 

After choosing a set of coordinates q 1 ,...,q r , we replace C[A] with Cfg 1 , . . . , q r ], and set 
QH* S1 (M/V) := H*(M,C) ® C[A][g x , . . . ,q r J, where CfAjJg 1 , . . .,q r j denotes the ring of for- 
mal power series in q , . . . ,q r with coefficients in C[A]. For simplicity, we denote it by C[A][g]. 
The product * is defined by the same formula Q. 

Next we define the quantum D-module of the superspace (M, V). The dual Givental 
connection is a connection defined on the trivial bundle H*(M, C) x H 2 (M, C*) — > H 2 (M, C*) 
by 

V*:=/y + 5>*)^, 

a=l 

where h is a degree two parameter. Here, we follow the convention that the Givental connection 
means — V~ h and the 'dual' Givental connection means [CEl p.311,p.321]. This is a formal 
connection. Algebraically, it defines a map 

V h : H*(M) (g> C[h, X]lq] — > ^ H*(M) ® C[h, A] [q] % . 



QUANTUM D-MODULES AND EQUIVARIANT FLOER THEORY FOR FREE LOOP SPACES 5 

Put := V\ a = hq a -M^ + Pa*- The connection is flat. This fact may be verified from 

the existence of a fundamental solution matrix L which satisfies X7 h L = 0. A fundamental 
solution L is given in |Panl Equation (25)] explicitly as follows. 

L(Ti) := e ~ pXogq l h Ti - £ q d T k _ ^ ^e* 2 (T k )Euler sl (V^), (3) 

deA\{0} JlMoMMA)]^ h + i>i 

k=0,...,s 

where ipi denotes the first Chern class of the first cotangent line bundle on Mq^^M, d) and 
plogq := ^2 a= iPa^ogq a . The expression (h + V'l) -1 i n the integrand may be written more 
explicitly as 

oo 
3=1 

The sign of h in Q is opposite to that in |Panl Equation (25)] because we use the dual Givental 
connection instead of the Givental connection. Let D denote a Heisenberg algebra 

D := C[h]lq\ ...,q r j[ Pl ,...,p r ] degq* = 2< Cl (M/V), <f), deg Pi = degh = 2, 

whose generators satisfy the following commutation relations. 

[Pa,q b ] = ^ b a q\ [ Pa , Pb ] = [q a ,q b ]=0, 

\p a , f(q\ q r )) = W^ftf, • • • ,9 r ) for / E Cfo 1 ...,q r J. 

We define an action of D on the module E s i := H*(M, C) tg> C[h, A] {qj by 

g a i — ^ multiplication by g a , p a i— ► V„. 

We call this /^-module the (equivariant) small quantum D-module arising from the 
quantum cohomology QH* sl (M /V). Similarly, we can define its non-equivariant counterpart 
E = H*{M)®C[h]\q\. 

Next we introduce the J-function of the quantum .D-module. The fundamental solution 
matrix L can be decomposed as L = S o e~ plog9 / ?i , where 



S(Tj:=Ti- Q d T k [_ ^±e* 2 {T k )Euler s ,{V' d)2 ). 



(4) 



cfeA\{0} 
k=0 



Note that S is an element of End(£P(M)) (£> C[h~ l , X]{qj. Define the J-function by 

J(q,h) := L~\l) = e ploeq/h S- 1 (l). 

The function J(q, h) is a cohomology valued formal function. Next, we show that this J-function 
coincides with that given in [Giv2 | IGiv31 CK . 

Lemma 2.1. Let /i be a constant matrix defined by /i(Tj) = (degTj)Tj. The matrix function 
S satisfies the following differential equations. 

hqa ^t S + (Pa * } ° S ~ S ° {PaU) = °' 

a=l 
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The first equation follows from V h L = 0. The second one follows from the fact that the 
matrix S preserves the degree. Using the above equations, we can establish the unitarity of S 
which is stated in |Giv4[ p. 117]. 

Lemma 2.2. For a, (3 G H*(M), we have 

(S(a)( qj -h),S((3)( q ,h)) v = (a,(3) v . 

Proof. Set the left hand side equal to F(a,f3). First, F(a, f3)\ q= o = (a, [3) v is clear. By using 
the differential equation satisfied by S and the Frobenius property, we have 

hq a ^F{a, (3) = -F(p a Ua,(3) + F(a,p a U (3). 

Because the matrix (p a U) is nilpotent, there exists some n such that (hq a -^) n F(a,(3) = 
holds. Therefore the lemma holds. □ 

The J- function can be explicitly calculated as follows. 

Proposition 2.3. The inverse matrix S~ l has the following explicit formula. 

S-\T i )=T i+ Y, L ^!Ae* 2 m)Euler sl (V' dtl ). 

j=0,...,s 

In particular, we have 

J(q,h) = e^ h (l + Yl Q dTJ L $^TEuler s i(V' d>1 ) 

V .JTTrm J\Mn9(M.d)] vilt h ~ Vl 



<ieA\{o} 

j=0,...,s 



Proof. By the unitarity of S and the non-degeneracy of the equivariant pairing (•, -) v , it suffices 
to calculate (S(a)(q, —h), j3) v . Using the equalities j3 U Eulergi (V) = J2j = o(Ti , (3) v Tj and 
e*(Euler s i(V)) U Euler s i(V' di ) = Euler s i(V d ), we have 



(S(a)(q,-h),P) v = (a,(3) v + ]T q d {T^(3) v [_ J^L e *( Tj )E u ler S i(V' dt2 ) 

j=0,...,s 

(«,/3) V + £ «*/ ^-e* 2 ((3UEuler sl (V))Euler sl (V' d<2 ) 



rfeA\{o} 



= (a,(3) v + ?V^) V / §^el(P)Euler s ,{V' dtl ). 

j=0,...,s 

This gives the formula for S . □ 



The formula for the J-function coincides with |CKl p. 381] up to multiplication by the Euler 
class. Note that functions S, L and J can be defined also in the non-equivariant theory. The 
reason for introducing the S^-equivariance is to make the pairing (•, -) v non-degenerate. 

The J-function plays an important role in Givental's theory. We shall show next that the 
J-function is a generator of the quantum D-module. Note that the following theorem holds 
true without the nef assumption for c\{M/V). 
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Theorem 2.4. Let M be a smooth projective manifold and V be a convex vector bundle on 
M. Assume that the total cohomology ring of M is generated by the second cohomology group. 
Then the J -function of the supermanifold (M, V) is a generator of its small quantum D-module 
E = H*(M,C) (8) C[^][g]. More precisely, we have a D-module isomorphism D/I = E, where 
I is the left ideal consisting of elements f(q,p,K) in D satisfying 

f(q,hq-^,h)-J = 0. (5) 



Corollary 2.5. Let (M, V) be a supermanifold which satisfies the assumptions in Theorem \2.J\ 

The isomorphism type of the quantum cohomology ring of the superspace (M, V) is completely 
determined by its J -function. More precisely, we have an isomorphism 

C\q\ <f Jbx, • • • ,Pr)/ lim / =i QH*(M/V), 

where lim^o I := {f(Q,P,fy I f(,QiP>K) £ 1} and Q a and p a are commuting variables corre- 
sponding to q a and p a . (Note that the non-commutativity vanishes when H — ► 0.) 

Later, we will see that the J-function also determines small quantum products, i.e. a matrix 
representation of the quantum product p a *. Moreover, by the reconstruction theorem of Kont- 
sevich and Manin, we see that the J-function determines all genus n-points Gromov-Witten 
invariants when V = 0. 

Proof of Theorem \2.J\ First note that L is an intertwining operator of two D-module struc- 
tures, i.e. o L = L o hd. From the definition J = L _1 (l), we have a D-module injective 
homomorphism D/L — > E which sends f(q,p, h) in D to f(q, V , K) ■ 1 in E. It suffices to show 
that it is surjective. We show that for a E H*(M,C), there exists f(q,p,h) £ D such that 
a = f(q, V h , h) ■ 1. Take a polynomial P(x\, . . . , x r ) such that a = P(pi, ■ ■ ■ ,p r ) holds in the 
cohomology ring. Noting the relation V^{g(q)f3) = g{0)p a U (3 mod {q 1 ,..., q r ) for f3 G H*(M) 
and g(q) E C[g], we can write 

r 

P(Vi, . . . , Vr) ■ 1 = ct - ^A(^) + higher order terms in q, 

i=l 

for some /3i(h) E H* {M)[K\. Next we take a polynomial Pi such that P%{pi, . . . ,p r ,h) = (3i(h) 
holds. We have 

r r 

{P(V h ) + <tPi{^ h : h)}-l = a- Q i( l j Pij( n ) + hi g her order terms in Q- 

i=l i,j =1 

The degree of each polynomial P(p), Pi(p, h) with respect to pi, . . . ,p r is bounded from above 
by dime M. Therefore, repeating this process, we obtain f{q,p,h) E C[^][g][p] such that 
f(q, V h , h) ■ 1 = a holds. □ 

3. Abstract Quantum D-modules 
In this section, we formulate the abstract quantum D-module over the base space B := C r . 

3.1. Definitions and Notation. Let {q 1 , . . . , q' r , K] be a coordinate system of B x C = C r x C 
centered at 0. Let O and O h denote the rings of germs of regular functions at on B and 
B x C respectively. We can consider the abstract quantum D-module both in the formal and 
convergent categories. In the formal category, we take 

= C{q\...,q r l O h = £[h]\q\...,q r l 
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and in the convergent one, we take O h to be the ring of convergent power series in h and 
q , ...,q r . However, for simplicity, we deal only with formal power series and do not dis- 
cuss their convergence. Most of the results hold also in the convergent category under some 
additional conditions. 

Let D be the Heisenberg algebra of the previous section. 

D = O h \ Pl ,..., Pr }=C[h]lq 1 ,..., q r j\ Pl ,...,p r ]. 

We begin with the definition of generalized coordinates of D. O can be considered as a subring 
of D. Define two left O-sub modules m, m' of D as m = YZ,=i ®1 a an d m' = m + Yf a =l ®Pa- 
Here, m is the ideal of in O, and m' is a non-commutative analogue of the ideal of (but 
is not an ideal of D). A set of elements (q , . . . , q r ,Pi, ■ ■ ■ ,p r ) in D is called generalized 
coordinates of D if it satisfies the following conditions. 

(1) q 1 , . . . , q r generate m as an O-module and q , . . . , q r ,Pi, ■ ■ ■ ,p r generate m' as an O- 
module. 

(2) \p a ,q b ] = M b J b , [ Pa ,p b ]=0. 

For example, (qr, . . . , q r ,Px, ■ ■ ■ ,p r ) is a set of generalized coordinates of D. We can define the 
notion of generalized coordinates more concretely, as the following proposition shows. 

Proposition 3.1. Let (q , . . . , q r ,p\, ■ ■ ■ ,p r ) be a set of generalized coordinates of D. Then 
(q 1 , . . . ,q r ) gives a local coordinate system of B centered at and the log- Jacobi matrix 

d log q a q b dq a 
d log q b ' q a dq b 

is non- degenerate and regular in the neighborhood of 0. Here, the word "regular" means each 
entry is contained in O. Moreover, p a can be written as 

for some element F in m. 

We need the following lemma for the proof. 

Lemma 3.2. Given F\, ... ,F r £ m, if we have q a -^Fi, = q b -^F a , there exists an element F 
in O such that F a = q a J^F. 

Proof of Proposition \3.1\ It is clear that {q 1 , . . . ,q r } forms a set of local coordinates of B 
centered at 0. p a can be written in the form, 

r 

p a = G b a Pb + ^a, (Gq) is an invertible matrix with entries in O, F a S m 

6=1 

By the relations \p a ,Pb\ = 0, [p a ,q b ] = h~o~ b a q b ■, we have 

GC ^h Gt = GlqC h Gt GlqC h Fh=GlqC h Fa " G " qC w Jb=sbJb ' (7) 

where we sum over the index c. The third equation shows that G b a is the inverse matrix of the 
log-Jacobi matrix. In particular, the log-Jacobi matrix is non-degenerate and regular and 

Q b = d\ogg b 
a dlogq a ' 
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Substituting the right hand side for G£, in the second equations of (0), we obtain 

d d 

r w Fb = * b w Fa - 

By Lemma IH.2| we obtain the proposition. □ 

Remark 3.3. Because of the inhomogeneous term q a -^F in equation Jj§J), it seems that we 
cannot regard p a simply as a differential operator hq a -J^. However, introducing a new variable 
t° formally and considering the following coordinate transformation, 

t°=P + F(q), q a = q a (q), 

we have the following relations. 

h d \ = y dlogqO / d \ + dF Ld_ 
d log q a J ^ d log q a \ d log q b J d log q a \ dt° 

In this case, if we regard h-^ as the identity operator, we recover equation J^. 

We see that any set of coordinates (q , ...,q r ) of B which comes from a set of general- 
ized coordinates (q , . . . , (f",Pi, . . . ,p r ) of D has a special relation to the original coordinates 
(q 1 , . . . ,q r ) i.e. the log-Jacobi matrix is non-degenerate and regular. We say that such coordi- 
nates of B centered at are admissible. From now on, we do not fix a generalized coordinate 
of D, therefore (q , ■ . ■ ,q r ,p±, • • • ,p r ) denotes an arbitrary set of generalized coordinates of D 
which does not necessarily coincide with the original one. We give a necessary and sufficient 
condition that a matrix with entries in O becomes a log-Jacobi matrix of some coordinate 
transformation. 

Lemma 3.4. Let (G?) be an invertible r x r matrix with entries in O. (G%) is a log-Jacobi 
matrix of some coordinate transformation i.e. G% = dlogq a /dlogq b if and only if it satisfies 



for a permutation a £ & r . Given admissible coordinates (g , . . . ,q r ) and a log-Jacobi matrix 
(G%), the new set of coordinates (q 1 , . . . , q r ) is of the form 

q a = <f( a ) e xp(<5 a ), 5 a £0, 
and is determined up to constants, q a i— ► c a q a . 



Proof. Set C% = G%(q = 0). Assume that G^ satisfies the first equation of (jHj). Because 
GJ-Cj 6 m, Lemma E21 shows that there exist elements 5 a G O satisfying q b ^5 a = G^ — C^. 

Thus, the solution for G% = d log q a /d log q b is given by q a = Ob=i(^ 6 ) C7 ^ exp((5 a ). In order 
for (q 1 , . . . ,q r ) to be a set of coordinates, (C£) must be an element of SL(r,Z) and C% ^ 0, 
C~ 1 b ^ 0. Therefore, C£ must be a permutation matrix and the conclusion follows. □ 

Definition 3.5 (Abstract quantum D-module). 1. For a given D -module E, we set 

V := E l \5L$ E + hE j ' E := E/^qtE. 
\i=l J i=l 

Note that the D-submodule Yll=i Q l E does not depend on a choice of generalized coordinates of 
D. We call Eq the zero fiber of E. V is a module over the commutative algebra C[pi, . . . ,p r ] 
and Eq is a module over C[pi, . . . ,p r , h], where the p a 's are the commuting variables corre- 
sponding to the p a 's. 
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2. An abstract quantum D-module is a D-module E endowed with a base point eo in V 
satisfying the following axioms. 

(1) V is a finite dimensional C-vector space. 

(2) There exists a splitting <E>: V ®O h — > E such that <3? is an isomorphism of O h -modules. 
We call a frame of E. 

(3) Passing to the quotient by the submodule generated by the action of q a 's, we have an 
induced isomorphism $>q: V ® C[K] — > Eq from 3>. T/ien, $o is an isomorphism of 
C[pi, . . . ,p r , h]-modules. We call <I>o a frame of Eq. 

(4) The subset {eo,pieo, • • • ,p r &o} ofV is linearly independent. (Note that this property is 
independent of a choice of generalized coordinates of D.) 

It is easy to see that the quantum D-module arising from quantum cohomology satisfies the 
above axioms for e = 1 6 V = H*(M, C) and $ = id. 

We postulate only the existence of the frame <3?, and do not fix a choice of it. When we have 
two frames and <E>, they are connected by a gauge transformation Q in Aut h(V O h ) 
such that <l = <!> o Q. The frame of Eq is not fixed either. The two frames <&o, $o of Eq 
induced by 6 are connected also by the gauge transformation Qq := Q\ q= Q. Qo must be an 
isomorphism of C[K,pi, . . . ,p r ]-modules. Moreover, (Jo|/i=o must be the identity operator of V. 

In this paper, we are interested in the case where V is generated by eo as a C[pi, . . . ,p r ]- 
module. In the case of the quantum cohomology of M, this condition means that H*{M) is 
generated by H 2 (M) as a ring. In this case, a gauge transformation Qo of Eq is determined 
by the value Qo(eo) = &o + o,\h + a^f? + • • • (aj G V) which is a generator of V (g> C[/i] as a 
C[/i,pi, . . . ,p r ]-module. Therefore, we have a one-to-one correspondence 

a frame <&o OI -^o a generator of which projects to eo £ V. 

In the case of the original quantum L>-modules, there is a natural grading on Eq such that 
deg h = 2. Therefore, the lift of eo to Eq can be canonically determined by the homogeneity 
condition deg<&o( e o) = 0. 

Take a frame $ and a set of generalized coordinates (q 1 , . . . , q r ,Pi, ■ ■ ■ ,p r ) of D. We define 
a flat connection V on the sections of the trivial sheaf V O h by 

V a := V a a := - the action of p a 

q dq a n 

through the identification $ : V(&O h = E. This is considered to be a connection over the infini- 
tesimal neighborhood of in B. More specifically, define connection matrices Q a in End(y)(X>C' ?i 
for a = 1, . . . , r by 

Pa ■ $(v) = veV. 
The flat connection V is defined by 

h ^ q a h^ q a 

a=l a=l 

In particular, V a (t> ) := hfl a (v) for v G V. The connection matrix S7 a (g = 0, h) at the origin is 
/i-independent and is equal to the action of p a on V. This follows from the third axiom. By the 
relation [p ,PjJ = 0, the connection V is flat. It corresponds to the dual Givental connection 
V h divided by h in the original quantum .D-module case. We describe the transformation law of 
connection matrices. Let $ and $ = $ o Q be frames. The corresponding connection matrices 
ri a and Cl a are related by 

n a = Q- 1 n a Q + Q- 1 h q a 7 ^Q. (9) 
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The connection matrices are transformed also under the coordinate transformation @ as fol- 
lows: 

+ n (10 

a log q a o log q a 
Note that connection matrices are transformed in two different ways. 

3.2. Canonical Frame. A frame <3? of E is called canonical if its connection matrices £l a are 
/i-independent i.e. f2 a 6 End(F) C The notion of canonical frame does not depend on a 
choice of generalized coordinates of D. In this subsection, we show that given a frame of 
Eq, there exists a unique canonical frame <1> which induces <I>o- 

For the original quantum D-module, the canonical frame is already chosen by the canonical 
isomorphism E = H*(M)<g>C[h]lq\. Connection matrices are identified with quantum products 
by two dimensional classes, therefore they do not depend on H. The existence and uniqueness 
of the canonical frame shows that the abstract .D-module structure reconstructs the quantum 
multiplication table. (In this case, the frame of Eq is determined by homogeneity.) 

We introduce flat connections V° and V 1 on the endomorphism bundle End(y) (g> O . Given 
a frame of E and generalized coordinates of D, they are defined by 

V ^:=^T + ^ a T, vlT:= q ^T+ l -{n a T-T Pa ), (11) 

for T G End(V) (g) O h , where p a is considered to be an element of End(V). It is easy to 
check that they are flat. The connection V° defines a fundamental solution L for V which 
is an analogue of the L in ©. A parallel section 5 for the connection V 1 is an analogue of 
the 5 in (|H>. In fact, the differential equation in Lemma |2.1l is identical with that for V 1 . 
First we construct a solution 5 for V 1 , and next we define a fundamental solution for V by 
L := 5 o e ~ plogq / h , where plogq = Y^ a =iPa^ogq a . Note that any solution L for V° regular 
at q = satisfies p a L{q = 0) = and hence is not invertible. Therefore, an invertible matrix 
solution L for V° cannot be regular at q = 0. 

Proposition 3.6. There exists a unique V 1 -flat section S(q, K) in End(V)<g>C[h, h' 1 } {q 1 ,..., <f ] 
which satisfies the initial condition S(Q, h) = id. The solution S(q, H) depends on a choice of a 
frame of E and generalized coordinates of D. 

Proof. We solve the second equation of (|TT|) with the initial condition 5(0, K) = id. Suppose by 
induction that we have a solution S{k) := S(q l , . . . , q k , 0, . . . , 0, H) which satisfies the second 
equation of (fTT|) for a ^ k. We assume that 

o (g 1 , . . . , q k , 0, . . . , 0, h)S(k) = S(k)p a , Va > k. 

These assumptions are satisfied when k = 0. We expand 5 and fJfc+i as follows. 



S(k + 1) = S(k) Tn(q\ ■■■,q k , h)( q k+1 y\ 



n=0 

oo 

,fc+l\n 



n k+1 (q\ q k+1 ,0, ...,0,K)=J2 ^+i,n(?\ • • • , q\ h)(q k 

n=0 

where To = id. We substitute S(k + 1) for the second equation of (fTT|) in the case a = k + 1 
and expand in q k+1 . Extracting the coefficient of (q k+1 ) n , we obtain for n > 1, 

nS(k)T n + - I y^nk+i, n -iS(k)Ti + Q k +i,oS(k)T n - S(k)T n p k+1 > = 0. 
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By the assumption Qk+i,oS(k) = S(k)pk+i, we have for n > 1, 
/ 1 \ 1 

If Ti, . . . , T n _i are given, we can solve for T n in the above equation. Note that T n is contained 
in the ring End(V)0C[h,h- 1 ]{q 1 ,...,q k j. Thus we obtain S(k + 1). 

Next, we verify that the second equation of holds for S = S(k + 1) and a = 1, . . . , k. 
For 1 ^ a ^ k, we have 

V£ +1 Vi5(fc + 1) = VM + iS(^ + 1) = 0, VlS(k + l)| ?fc+1=0 = 0. 

Hence T{q 1 , . . . , q k+1 , K) := V^S(k + 1) satisfies the differential equation V^ +1 T = and the 
initial condition T\ k+i =0 = 0. This equation turns out to have a unique solution and we have 
V\S(k + l) = r = o. 

Finally we check that for a > k + 1, the relation 

Q a (q\ q k+ \0, . . . , 0, H)S(k + 1) - + l)p a = 

holds. Because the left hand side is equal to V„5(fc + l)\ q k+2 = ... =q r =Q , it turns out to be zero 
by the same argument. This completes the induction step, and we obtain S(q, h). □ 

Remark 3.7. In the case where all Q, a are h-independent, the section S(q,h) obtained in the 
previous proposition is regular at h= oo. In other words, S(q, K) £ CJ/i -1 ]^ 1 , . . . , q r \. 

We describe the dependency of the solution S(q, K) in Proposition 13.61 on a frame and gen- 
eralized coordinates. Denote by S^^p) the solution corresponding to a frame of E and 
generalized coordinates (q,p) of D. 

Lemma 3.8. Let $ and <E> be frames of E and Q(q,h) be the gauge transformation such that 
<3? = $oQ. Define Qq := Q(0,h). Let (q,p) and (q,p) be two sets of generalized coordinates of 
D. The two solutions S , $ i ( 9)P ) and S^,.p-< are related by 

where F is an element of m associated with the coordinate transformation which appeared in 
the equation (@ and c a £ C is chosen so that logg a — logg a — c a is in m. (Note that q a is of 
the form q a = q a exp(5 a ), 5 a £ O after renumbering the indices. See Lemma \S.J\ ) 

Proof. The initial condition S^,.pJq = 0, K) = id is easy to check. Using the fact that Qo 
commutes with p a and the equations ©, (|10|). we can check that the left hand side satisfies 
the differential equation. □ 

We prove the main theorem of this section, the existence and uniqueness of the canonical 
frame. The theorem is stated as follows. 

Theorem 3.9. For a given frame <&o of Eq, there exists a unique canonical frame § of E which 
induces <3?o- In other words, for any frame which induces <&o, there exists a unique gauge 
transformation Q(q, h) such that Q(0, H) = id and <!>:=<]? o Q(q, K) is canonical. 

Proof. Fix a set of generalized coordinates (q,p) of D and choose a frame <3? of E. We use the 
flat section S(q, K) of V 1 obtained in ProDosition l3.61 First we perform Birkhoff factorization for 
S(q,h). We prove that S can be uniquely factorized as S = S+S-, where S + £ End(V)(8)C[/i] [g] 
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and S- S End(y)®C[^ 1 ][o r ] and S-(h = oo) = id. We expand S, S + and 5_ in formal power 
series of q a as follows. 

s = id + ]TSd(M~V, s + = A (h) + Y,Mh)q d , S- = id+^B d (7r 1 )^, 

d^O d^O d^O 

where d E (2^o) r > Ad S C[h] and i?^ G CJ/i" 1 ]. We determine Ad, Bd inductively. It is easy to 
see that Aq = id. We define d\ ^ cfo for dj = (d^i, . . . , <ij )r ) S (2^o) r if ^lj ^ cfej holds for all 
j. Assume that we obtain and Bd for all d < dQ. Then we have 

s do (n,h- 1 ) = B do (h- 1 )^ + A do (h)+ A dl {h)B d2 {hr 1 )^. 

di+d2=d 
di^0,d 2 ^0 

This determines Ad and Bd uniquely. Note that 5+(0, ft) = ^-(O, h) = id. By the differential 
equation V 1 5(g, ft) = 0, we have 

a—l„a ® a _i_ 0-1 ^ a c P a 

b q W T b ~T' 

Substituting S + S- for S, we obtain 

The ft-expansion of the left hand side is A - 1 0|^ = o j 4/^ + 0(1) for A = S+(ft = 0) and the right 
hand side is of order (3(l/ft). Therefore, we obtain 

S^q "— — 5+ + S^—^S-i- = for some ^-independent matrix Cl a . 

oq a ft ft 

The above equation shows that 5+ gives the desired gauge transformation Q. 

Next, we show that the gauge transformation Q is unique. Assume that for another gauge 
transformation Q' satisfying Q'(q = 0) = id, we have a new frame $' = $ o Q' such that its 
connection matrices Q' a are ^-independent. For the frame take the unique solution S'(q,h) 
for the following system of differential equations. 

Vl'S'(q, ft) = Q a -^S'(q, ft) + l(tf a S' - S' Pa ) = 0, S'(0, ft) = id 

By Remark 13.71 5' is regular at ft = oo. Set S(q, ft) = Q'(q, h)S'(q, ft). Then, it is easy to show 
that V 1 ^ = and 5(0, ft) = id. By the uniqueness of the solution S, we have S = S. Also by 
the uniqueness of Birkhoff factorization, we have Q = S+ = Q' . □ 

Remark 3.10. We owe the idea of using the Birkhoff factorization to Martin Guest |Gue3j in 
this D-module context. He used this factorization not for S, but for any fundamental solution 
matrix for V . The Birkhoff factorization also appears in the works of Barannikov Bar and 
Coates and Givental IGGI . 



Remark 3.11. The computation of the canonical frame and its connection can be carried out 
in an algorithmic way. We can compute the coefficient of each q d step by step, but we cannot 
obtain a closed formula by this method. 

As an application of Theorem l3.91 we show that the J-function in Proposition 12 .31 determines 
all genus zero Gromov-Witten invariants of M if H* (M) is generated by H 2 (M) . By Theorem 
12.41 we can reconstruct the quantum D-module from the J-function. In this case, the image 
of 1 G D in D/I gives the base point ^(eo) of the quantum D-module, therefore, the frame 
of the zero fiber E$ is already given. We remarked that the quantum 7J>-module arising from 
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the quantum cohomology has connection matrices independent of H. Therefore, taking the 
canonical frame, we have a table of quantum multiplication by two dimensional classes. By the 
reconstruction theorem of Kontsevich and Manin, we can determine all genus zero Gromov- 
Witten invariants |KM| . 

Corollary 3.12. Let (M, V) be a supermanifold which satisfies the assumptions in Theorem 
\2.J\ The J -function defined by the small quantum cohomology of (M, V) reconstructs not only 
the isomorphism type of the quantum cohomology ring but also the quantum multiplication table. 
Moreover, when V = 0, it determines all genus zero Gromov-Witten invariants of M. 

3.3. The Graded Case. The original quantum D-module has a natural grading. We intro- 
duce the notion of grading for abstract quantum L>-modules. In the graded case, the connections 
V°, V 1 can be extended over BxC, where the coordinate of C is h. Further, we can take coor- 
dinates compatible with canonical frame if the grading satisfies the nef condition (Assumption 
I3~T51) . 

In the graded case, we assume that the variables have the following degrees. 

degp a = degp a = degh = 2, degq a = degq a = even integer. 

We only consider coordinate transformations which preserve the homogeneity of the degree. 
We define the Euler vector field over B x C to be 

a=l 

We define an operator &d(£) : D —* D satisfying the Leibniz rule as follows: 

a d(£)(p a )=2p a , <xd(£)(h) = [£,h]=2h, ad(£)(q a ) = [£, q a ] = (degq a )q a , 
&d(£)(x ■ y) = &d(£)(x) ■ y + x ■ &d(£)(y) for x, y £ D. 

The operator ad(£) acts on the abstract quantum Z)-module E and also satisfies the Leibniz 
rule: 

ad(£)(x • e) = ad(£)(z) -e + x- ad(£)(e), (12) 

for x G D and e G E. The action of ad(£ ) on E induces an action onV. If ad(£) is semisimple 
on V, its eigenvalues are the degrees of the eigenvectors. 

We assume in the graded case that there exists a frame $ of E which commutes with 
the action of ad(£ ), i.e. $ o ad(£ ) = ad(£ ) o where the action of ad(£) is extended on 
V ® O h in such a way that it satisfies equation Q12j) for x G O h and e G V . We only consider 
frames commuting with ad(£). Therefore, the gauge transformation Q(q,h) and the frame 
$o of i?o also commute with ad(£). Let fj, G End(F) be the action of ad(£) on V and put 
p := ^a = i(deg q a )p a G End(V). For a given frame $ and generalized coordinates (q,p), we 
extend the connections V°, V 1 over B x C by the following formula. 

V° £ T := [ad(£),T]+T^=£T+[ f i,T]+T^, 

V\T := [ad(£),T]=£T+[ M ,T], 

for T G End(y)(8>C ?l . The extended connections V°, V 1 (which we denote by the same symbols) 
are also flat. In the case of quantum cohomology, Lemma 12.11 shows that S in equation Ijljl 
satisfies V^S = 0. If S satisfies V^S = 0, L = S o e - plogq / h satisfies V° g L = 0. We show 
that there exists a unique solution 5 for the extended connection V 1 with the initial condition 
S(q = 0, K) = id. In other words, 
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Proposition 3.13. The solution S constructed in Provosition \S.b\ also satisfies V^S = in 
the graded case. Therefore, S automatically preserves the degree. Moreover, S is an element 
/End(y)®C[M-%V--,<f]. 

Proof. Let S(q, h) be the solution in Proposition 13.61 By the flatness of V 1 , we have 

vM s = v\v l a s = 0. 

Moreover, V^S satisfies the initial condition (V^-S)(q = 0, K) = 0. From this it follows that 
V\S = 0. The last statement follows from [ad (5), S] = 0, deg h = 2 and dime V < oo. □ 

By this proposition, Theorem 13.91 also holds in the graded case. 

Theorem 3.14. For a given frame $o of Eq commuting with ad(£), there exists a unique 
canonical frame <E> which induces $o an d commutes with ad(£ ). In other words, for any frame 
$ which induces <J?o an d commutes with ad(£), there exists a unique degree-preserving gauge 
transformation Q(q, h) such that Q(0, H) = id and <3? := o Q(q, K) is canonical. 

Proof. Let S be the solution for V 1 obtained in the previous proposition. It suffices to check 
that the positive part S+ of the Birkhoff factorization S = S+S- preserves the degree. Because 
VlS = [ad(£ ), S] = 0, we have 

[ad^),^-]^! 1 = -S'+ 1 [ad(f),5 + ]. 
Because the left hand side is of order 0(1/H), both sides are zero. □ 

In the case of original quantum D-modules, we have the relation p a ■ 3>(eo) = ^(Pa^o) for 
eo = 1 £ V = H*(M, C). In the case of an abstract quantum D-module, we call generalized co- 
ordinates (q , . . . , q r ,Pi, ■ ■ ■ ,p r ) compatible with a frame if they satisfy the same relation 
p a • <5(eo) = &(p a eo)- I n general, we can not expect that compatible generalized coordinates 
of D exist. However, if they exist, they are uniquely determined up to the ordering and mul- 
tiplication by constants q a \— * c a q a . This follows from the coordinate transformation (jfifl. the 
fact that {&Q,pieo, . . . ,p r eo} 1S linearly independent, and Lemma 13.41 Next, we give a sufficient 
condition for the existence of generalized coordinates compatible with a canonical frame. For 
that, we assume 

Assumption 3.15. 1. \i € End(F) is semisimple and V decomposes into the direct sum 

V = V © V 2 © V A @ ■ ■ ■ @ V 2n , 

where V 2 k is the eigenspace of \x with eigenvalue Ik. 

2. V = Ce and V 2 = 0„ =1 C(p a e ). 

3. The grading satisfies the nef condition: deg q a >0 for a = 1, . . . , r. 

The quantum D-module arising from the quantum cohomology of the superspace (M, V) 
satisfies this assumption if its first Chern class c\ (M/V) is nef. 

Theorem 3.16. Under Assumption \3.lh\ there exist generalized coordinates (q,p) compatible 
with a canonical frame $ of E. The set of compatible generalized coordinates (q,p) is unique 
up to the ordering and multiplication by constants q a t— > c a q a . 

Proof. Let £l a be a connection matrix associated with a canonical frame By Assumption 
13. 151 and degf2 a = 2 (i.e. [ad(£),f2 a ] = 2fi a ), one can write 

r 

n a (e ) = -F a ( q )e + J2 G a(<l)(Pbeo), F a ,G b a eO, (13) 
6=1 
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where F a (q = 0) = and G b a (q = 0) = 5 b a . By the flatness of V = d + (l/h) £a=i tt a dq a /q a , we 
have 



Because Q a is h- independent, we have 

q a — n b -q h ^ a -U. [a,.0,,] -(.). 



Therefore, by Lemma 13.21 and Lemma 13.41 there exists a function F £ m and a new set of 
coordinates {q 1 , . . . , q r } such that 

fm-^HA <4M-fj=f£- (14) 



Define new generalized coordinates p a by 



E a logo 6 . 5 , 



6=1 

Then equation 1)10(1 shows that ^a(eo) = p a eo, therefore (q, p) are compatible generalized 
coordinates. □ 

The coordinate transformation appearing in the above theorem is called a mirror trans- 
formation. By choosing generalized coordinates compatible with a canonical frame, we can 
canonically define an affine structure on the base B. (The coordinates logg a define a flat struc- 
ture.) The equivariant Floer cohomology introduced later is not a priori given the 'correct' 
(affine) coordinates. We can find an affine structure by taking the generalized coordinates 
compatible with the canonical frame. 

The indeterminacy of the constant multiple q a \— ► c a q a can be normalized by choosing an 
element vq of TqB* := {^^=i c a (d/dq a )o\ c a ^ (Va)}. Then we normalize q a so that the 
equality Vq = (d/dq 1 )o + • • • + (d/dq r )o holds. We call vq G TqB* a normalization vector. 
In this sense, the generalized coordinates in the equivariant Floer theory are a priori correctly 
normalized even though they are not affine. 

3.4. J-function and Pairing. In this subsection, we define the J-function and the pairing 
of the abstract quantum D-module. In what follows, we fix a choice of a frame $0 of the zero 
fiber Eq and a normalization vector vq £ TqB* . The J function depends on a choice of a frame, 
but the pairing does not depend on it. 

Let $ be a frame of E and (q,p) be a set of generalized coordinates of D. The flat section 
-^*,(g,p) °f V° can be obtained from the solution in Proposition 13.61 bv the formula 

r 

£*,(,,„) == e - plog ^, plogq = 5> a logg a . 

0=1 

The function £$,( 9lP ) is a multi-valued matrix function on B. By Lemma |3.8( we have the 
following transformation law: 

L $,(q,p) = e F/h Q lz "£,(g,p)- 

Note that Qq = id and log q a — log q a £ m because we fixed a choice of a frame of the zero fiber 
and a normalization vector. 

Next, we define the J-function as follows. 
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The following theorem is the analogue of Theorem 12,41 

Theorem 3.17. Assume that V is generated by eo as a C[pi, . . . ,p r ]-module. Then E is gen- 
erated by a single element <3?(eo) as a D-module. Moreover, we have a D-module isomorphism 
D/I = E which sends 1 to 3>(eo), where I is the left ideal consisting of elements f(q,p,h) in 
D satisfying 

d 

The proof is similar to that of Theorem 12.41 

When we have a canonical frame and compatible generalized coordinates, we can describe 
the asymptotic behavior of the J-function. By Remark 13.71 the solution ,S can = S$ CB n,(q, P ) can 

be expanded in h~ l and one can write S~^ n = So + H Si + h~ 2 S2 H . From V S caxi = 0, we 

have 

<f = 0, g-^i + Pa So - Soar = o. 

Together with the initial condition 5 , can | (?= o = id and the compatibility f^ an ( e o) = p a ^0i these 
show that Sq = id and S±(eo) = 0. Thus we obtain the following. 

Jean = J* can = e^' h {eo + o{h- 1 )). (15) 

Under Assumption l3.15( a degree-preserving gauge transformation Q satisfies Q(eo) = f(q)eo 
for some degree zero element / G O. Therefore, the J-function is transformed as 

J *,m = f eF/hj *>(^ ^ 

This transformation law seems more natural when we take the viewpoint of Remark 13.31 and 
define «/$,( g , p ) = (q,p)- Then the term e F / h is absorbed into the transformation of to 

and J$ 5 ( gi p) is transformed as ^ = fJ$^ q ^ p )- In this case, the asymptotic expansion (JT5|) 
characterizes the canonical J-function J can among all J-functions and we can calculate the 
mirror transformation from any J-function. 

Proposition 3.18. Let E be a graded abstract quantum D-module and J$c q ,p) be a J-function. 
Under Assumption ^ '. lh\ we have a unique coordinate transformation of the form, 

log q a = log q a + 5 a (q), 5 a (q)£m, 

and F, f G O, degF = 2, deg/ = 0, f(q = 0) = 1 satisfying 

fe F/h J^ {q , p) = eE-i^^Ceo + oC/T 1 )). 
The left hand side gives the canonical J-function. 

This proposition corresponds to Givental's mirror theorem concerning the relation between 
two cohomology-valued functions I and J. In our terminology, / is a J-function of a non- 
canonical frame and J is that for the canonical frame. Givental showed that a coordinate change 
of the /-function gives the J-function. This proposition is more general than the Givental's 
original situation because this is formulated in terms of abstract quantum D-modules. We omit 
the proof because it is similar to the proof appearing in |CKl IGiv3] . 

Next, we define a pairing for an abstract quantum D-module E. We assume that V has a 
symmetric pairing •) : V X V — > C satisfying the relation 

{v,p a w) = (p a v,w). 

We would like to extend this pairing of V on E. First we define a -D-module E. Let D be a 
Heisenberg algebra whose commutation relations are opposite to D: 

D = C[h]lq\ ...,q r j\p 1: ... ,p r ], [p a , q b ] = -M b a q h ', \p a ,p b ] = [q a , q b ] = 0. 
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E is a D module which has a bar isomorphism : E ^ E such that h-x = —h ■ x, p a -x = p a ■ x, 
q a -x = q a ■ x. Briefly, E is E with h action of opposite sign. A frame of E induces a frame 
<!> of ¥ = _ o$o — :V® 0[h] — * E, where _ is defined on V <g> 0[K] by I = —h, If = q a , 
v = v for v £ V. The connection V associated with the frame 3> is given by 

]_ r fl g a 

V = d - - ft a , where Q a is defined by p a • = $(£l a (v)) for v £ V. 

a=l 

Then we have f2 a (<7> ^) = ^a(<7> — Similarly, we can consider flat connections V°, V 1 of the 
endomorphism bundle which correspond to V , V 1 . There exists a unique flat section S(q, K) 
of V defined in the neighborhood of q = with the initial condition S(0, K) = id. Then we 
have S(q,H) = S(q, —H). Put 3 := S* -1 o <I> _1 and S := S o $ . We define a pairing (•, •) 
between E and £7 by 

(.,.): EX E-C[M~ 1 ]feV">« r L (x,y) := (Z(x),E(y)) , x GE,y e E. 

It is easy to see that H is transformed as S = H o eP^ ogq ~' [og ^^ h+F ^ h by a change of frames 
$ i — ^ $ and generalized coordinates (q,p) *— > (q,p)- Therefore the pairing (•, •) is independent 
of a choice of a frame and generalized coordinates. Because \7 1 S = 0, the map S = S'~ 1 $ _1 
satisfies the following differential equation. 

Lemma 3.19. 

E{p a -x) = (hq a —+ Pa )E(x), 

From this we deduce the Frobenius property: 

d 

h Q a g^( x ^y) = {-Pa- X ,y) + (x,p a -y). 
Because the pairing (•, •) is symmetric, we have 

(x,y) = (V,x). 

When the pairing (•, •) is non-degenerate, we may define </$,( 9iP ) by the following relation. 

This corresponds to the definition of the J-function by Givental. 

Further, suppose that E is a graded quantum D-module and that there exists a constant n 
such that 

(fj,v,w) + (v,fiw) = n(v,w). 

The original quantum D-module arising from the quantum cohomology of M satisfies the above 
equation for n = dim^M. In this case, the pairing (•, •) satisfies 

{£ + n)(x, y) = (ad(£ )(*), y) + (x, ad(£)(y)). 

This follows from [ad(£),E] = 0. (Here, ad(£) acts on E as &d(£)(x) = ad(£)(x). ) 

Finally, we discuss the polynomiality of the pairing in h. In the case of original quantum D- 
modules, we have a polynomial pairing with respect to H. (In fact, it coincides with the Poincare 
pairing.) In general, however, the pairing (•,•) does not necessarily take its values in C[^][g] 
and may contain negative powers of h. For a canonical frame $ can , we have S~^ n = id +0(H ), 
which we showed before equation (|15[). Hence we have 

(¥ can (v),$ can H) = (v,w) + 0(l/K), for v,w £ V. (17) 
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Proposition 3.20 (polynomiality) . The following statements are equivalent. 

(1) {v, ^ an H) = {V c a n (v), w) for a = 1, . . . , r, v,w G V. 

(2) (fcan(«),$can(w)) = (v,w) for V ,W E V. 

(3) (S(v),S(w)) = (v,w) forv,w G V, where S = S^^fop) • 

(4) The pairing (•,•) takes values in C[/i][g]. 

(5) The function Q(q,H,z) := ( J$ i (g iP )(^, — K), J$,(q }P )(qe hz , h)) is polynomial in h, where 
pz := Y^a=\°Pa.z a and qe hz = {q a e hza } a=1 . 

Proof. (2) 44> (3): This follows from the definition. 

(1) <£4> (3): Suppose (1) holds. Then we have 

hq^(S(v\S(w)) = (nrS(v)-S( Pa v),S(w)) 

+(s(v),-nr i s(w) + s( Pa w)) 

= (-S( Pa v),S(w)) + (S(v),S(p a w)) 

by the assumption. Set F(v,w) := J2d>o ^d( v : w)q d := (S(v),S(w)}. Denote by &d(p a ) the 
operator acting on bilinear forms defined by 

ad(p a ): B(v,w) i — > -B(p a v,w) + B(v,p a w), 

where B(-,-) is a bilinear form with values in C[h, 1 ]. Then, by the above calculation, 
(hd a — &d(p a ))Fd = holds. Because the operator Hd a — ad(p a ) is invertible for d a / 0, we have 
F(v,w) = Fq(v,w) = (v,w). Conversely, suppose (S(v),S(w)) = (v,w) holds for all v,w G V. 
Then, 

= hq^ a (v, W )=hq a ^- a (S(v),S( W )) 

= (n c rS(v),S(w)) - (S^^^Siw)) - (p a v,w) + (v,p a w) 

= (nT»s(v),s(w)} - (s(v),n c rs(w)}. 

(2) 44> (4): This follows from the equation (|17|). 

(4) (5): Note that (3) is equivalent to the fact that (<3?(eo), e p2 <3?(eo)) is polynomial in h. 
By Lemma EEl and J^ q , p )(q,h) = e pl ° s ^ h E(^(e )), we have 

~(e p ^(e )) = e^^^W+^H^eo)) = e- plosq / h J^^ p) (qe hz ,h). 
Therefore we have G(q, h, z) = (H($(e )), H (e p2 $(e ))) = ($(e ), e p2 $(e )). □ 

Remark 3.21. When an abstract quantum D-module E arises from quantum cohomology, we 
take (•,•) to be the Poincare pairing on H*(M,C). Then by equation in Section^ the 
pairing (•, •) satisfies the polynomiality and we have (x,y) = (x,y) = id in this case). (5) 
is the famous polynomiality property of the J -function. It imposes a strong constraint on the 
J -function and Givental used it to calculate the J -function |Giv2| l(Tiv3j . 

4. EQUIVARIANT FLOER THEORY 

In this section, we explicitly construct equivariant Floer cohomology as an abstract quan- 
tum D-module for toric complete intersections. More precisely, we construct it for a superspace 
(Xy,, V) where X^ is a toric manifold and V is a sum of nef line bundles. In the case where 
c\{Xy>/V) '■= ci(TXs) — ci(V) is nef, we prove that the equivariant Floer cohomology is iso- 
morphic to the quantum D-module as an abstract quantum D-module. 
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4.1. Toric Manifolds. To fix the notation, we briefly recall the definition of toric manifolds 
following Audin's book |Andj . Let X be a fan in M n . Let = {x%, . . . , xn} be its 1-skeleton, 
where the primitive vectors in Z n which denote generators of one dimensional cones. 

We set r := N — n. For a subset I of {1, 2, ... , N}, we define 07 to be the cone generated by 
{xi}i(zj. We assume that S is smooth and complete in the sense that 

£ is smooth <^=^ each cone a G £ is generated by part of a Z basis 
E is complete <^=^ its support |S| = Uo-gscr is equal to 1™. 

Let 7r be the following homomorphism. 

ir: Z N ^Z n , ei^Xi, 

where {ei}f =l is a canonical basis of Z N . We extend the homomorphism tt to ttq = it (g) 
idc: C N — ► C™. It satisfies ttcC^ N ) ^ 2", therefore it induces a homomorphism ffc of tori 
C^/Z^ -» C n /Z n . We define 

K c :=ker(7fc:T^^T^). 

In the same way, we define ir R : R N R n and K R := ker(vf R : M N /Z N -> M n /Z™). Because £ is 
complete and smooth, K<c turns out to be connected and isomorphic to T£. Kc is a subgroup 
of C N /Z N ^ Tg. Let . . . , t N ) be the coordinates of Tg . We have an exact sequence. 

► Lie(Kc) — ^ C w C" ► 0. (18) 

For a subset I of {1,2,..., N}, let / denote the complement of I and C 1 denote the vector 
space 

C 1 = {(zi, . . . , z N ) e C N I i£ I => zi = 0}. 
Similarly, for any set Y, we define Y 1 as a subset of Y N . Define an open set Us in as 

U-z := C N - (j C 7 

The torus Kc acts on Us freely as a subgroup of . 

Us B (zi,...,z N ) 1 ^ (ti^i, . . . ,iiv£jv) for (ii,...,iAr) G #c- 
We define the toric manifold as the quotient 

X E := C/ S /K C . 

It turns out that Xs is smooth and compact, and that Us is a principal iTc bundle over Xs- 
The Picard group Pic(Xs) is identified with Hom(Kc,Tc) and also with H 2 (Xs,Z) as 
follows: 

Z r ^Hom(K Cl T c )9p ^ £ p := C x U^/{p{t)-\z) ~ (u,tz), i G if c G Pic(X E ) 

^ ci(£p) G H 2 (Xs,Z). 

Let e* be the character of defined by e*(t%, . . . , t/v) := U- Composing it with the inclusion 
Kq Tq , we have a character of and the corresponding Chern class in -ff 2 (X E ,Z). 
The anti-canonical class can be written as c\(TXs) = u\ + u 2 + • • • + ujy. The abelian group 
Hom(i^c,Tc) is an integral lattice of Lie(-fT<c) V and we have the following identifications. 

H 2 (Xs,R) = Lie(^ R ) v , H 2 (X S ,C) = Lie(K c ) v , H 2 (X S ,Z) Ham(K c ,T c ), 
H 2 (Xs,R) = Lie(K R ), H 2 (X S ,C) = Ue(K c ), H 2 (X S ,Z) * Rom(T c ,K c ). 
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We can describe the Kahler cone of iZ" 2 (X E ,R) = H^X^R). Let M : (R N ) V -» Lie(ET M ) v 
denote the dual of the inclusion i: hie(K^) w R . Then we have 

Kahler cone := {nef classes in F 2 (A E ,M)} = p| M(K^), (19) 

cr/GS 

where M+ denotes the set of non-negative real numbers. We assume that the interior of 
PL/eE M(JBL+) is non-empty so that X-% becomes a Kahler manifold. We can describe A E 
as a symplectic reduction of U-£. Let fx: U% — > Lie(A]R) v be a moment map of the action. 

(i(zi, ...,z N ) = M(^|zi| 2 ,. . . , ^\z N \ 2 ). 
We choose an element r/ in the interior of the Kahler cone. Then we have an isomorphism 

The reduced symplectic form gives a Kahler form of A E and represents the cohomology class 
r). 

Let V = Vi © • • • © Vi be a sum of line bundles over A E such that each vi := ci(Vj) is nef. 
Then we have a convex superspace (A E , V). As in Section 12 we take nef classes pi, . . . ,p r 
such that they form a basis of i/ 2 (X E , Z). Moreover, when ci(A E /V) is nef, we choose the p^s 
so that ci(-X"e/V) is contained in the cone generated by pi, . . . ,p r . We put m = X^a=i m iPa 
and = X)a=l IjPa- The matrix (mf ) represents M with respect to the basis {e^, . . . , e^} of 
(C N ) V and the basis {pi, . . . ,p r } of Lie(Ac) v because U{ = M{e*). We establish the following 
lemma for later use. 

Lemma 4.1. Let A be the semigroup in H2(X^,Z) generated by effective curves in A E . If 
d £ A, we have crj ^ S /or I := {i G {1, . . . , iV}| (it», d) < 0}. 

Proof. If <jj G S, we have (x, d) > for any x G M(R+) = {5^irfj Ci^il °i ^ 0}- By equation 
(|19|). we conclude that x is in the dual cone of the Kahler cone which is equal to A. □ 

The cohomology ring of the toric manifold A E is generated by pi, . . . ,p r and subject to the 
following relations, see e.g. .Bri : 

u h u i2 ...u it =0, if o-^,...,^} i s - (20) 

4.2. Givental's Model for Free Loop Spaces. We describe Givental's model for the uni- 
versal covering of the free loop space of A E . Originally, Givental considered this model for P n 
in |Givl| . The model for toric manifolds was given by Vlassopoulos |Vlaj . 

In order to understand the model, we consider a more general situation. Let A be a simply- 
connected manifold and {p\, . . . ,p r } be a basis of H 2 (X,Z). Let C{pi) be a line bundle whose 
first Chern class is pi. We set U = 111=1 (£(jP») \ {zero section}) which is a principal T£ bundle 
over X. It is easy to see that U is 2-connected. In the case of toric manifolds, X corresponds 
to A E and U corresponds to t/ E . There exists a homeomorphism 

LU/L T£ * LA, (21) 

where LU denotes the free loop space of U, LqT^ denotes the set of all contractible loops in 
T,£ and LqT^. acts on LU by pointwise multiplication. Given a loop 7 : S 1 — ► U, we have a disk 
g: D 2 — » U which contracts the loop 7 i.e. g\gD 2 = 7- This disk g is uniquely determined up 
to homotopy because U is 2-connected. Then, by composing with the projection U — * X, we 
obtain a pair (7, [g]) consisting of a loop 7 in A and a homotopy class of the contracting disk 
g in A which represents an element of LA. Conversely, if we have an element (7, [g]) of LA, 
we can lift g to the map g: D 2 — > £/ and then have a loop 7 = in C7. 
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Givental's model corresponds to the left hand side of the homeomorphism Q21|) , but contains 
only polynomial loops. Let C[C, C _1 ] be a Laurent polynomial ring. We define Givental's model 
L as 

LU S := C[C, CY ~ IJ C Y, i := LU S /T£. 

Givental's model L is an infinite dimensional toric variety which may be defined by an infinite 
dimensional fan. The model L can also be written as a symplectic reduction of LUy,- 

Any element of L can be represented by an N— tuple of Laurent polynomials (71(C)) ■ • • > 7iV"(C))> 
where 7, G C[C,C -1 ]- F° r a generic value of Q G C, (71(C)) • • • , 7aK0) is contained in ?7s, but 
there may be finitely many values C such that (71(C), • • • , 7iv(C)) is n °t contained in U%. There- 
fore, we can regard [71, • • • , 7jv] as a holomorphic map 

[71, . . . , 7at] : P 1 \ {finite points} -» X s , 

where P 1 = C U {00}. Because X^ is a complete variety, we can extend this map on the whole 
P . Consequently we have a (not continuous) map 

L^HoU? 1 ,^), 

where Hol(P , Jfs) denotes the set of holomorphic maps from P 1 to However, some infor- 
mation is lost when we pass from L to Hol(P , Xs). For example, take a tuple (ii(C), • • • > ^jv(C)) 
in C[C, C -1 ]^ such that ij(C) 7^ and for a generic value ( 6 C, (ti(C)> • • • , *iv(C)) * s contained in 
Kc- Then two elements [71, ... , 7at] and [£171, . . . , t/v7iv] gi ye the same element in Hol(P , Xr,)- 
We define an S 1 action on the model L by 

(7i(C), • • • , 7iv(0) ~ (7i(e^C), • • • ,M^0), e^~ w G S 1 . 

This action is Hamiltonian with respect to the Kahler forms obtained by symplectic reduction. 
The Hamiltonian H can be written as 



N 00 

#([71,... ,7iv]) = J] ^ j 17 ' *'"' 2 ' ^(0 = X) Qi ^ 



=1 ^=—00 



on the level set of the symplectic reduction. The 5 1 -fixed components are all isomorphic to X% 
and each of them is parameterized by H2(X%,Z,). For d G H2(Xe,%), we define 



{Xv) d :={(z 1 (^ d \...,z N (^^)£L}. 



This is fixed by 5* 1 because {(e v/ ~i(" 1 > c ^ 6 ', . . . , e^Z-^^N^d^y forms a one-parameter subgroup of 
Kc. In this paper, Floer theory means Bott-Morse theory on the infinite dimensional variety 
L. We take the Hamiltonian H as the Bott-Morse function. The gradient flow of H can be 
written as 

MhliO, ■ ■ • ,7iv(C)]) = [71 (Ce~*), • • - ,lN((e-% t G M. 

The critical set of the Morse function H is identical with the S 1 fixed point set LL(Xs)d- 

Givental's model has a stratification by finite dimensional toric manifolds. Take d±, cfo in 
H2 {Xy, , Z) and define 



L%:= (71(C),..., 1n{C))^L 



7i(C) 



otherwise 
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Note that L d 2 is empty if <7j ^ E for the subset Iq := {i \ (ui,d2 — d\) < 0}, and L^ 2 is the 
closure of the union of all gradient trajectories which connect two critical submanifolds (Xs)di 
and (Xx) d2 : 

L% = {7 i L\ )im Ml) i (XxU, lim Ml) i (*s)<fe}- 

1 i— >oo t— >— 00 

We first claim that the union of all these spaces is equal to L. 

di,da 

To see this, it suffices to show that there exists d G f/2(Xs,Z) such that (ui,d) > for 
all i. Because £ is complete, we have positive integers ri,...,r/v such that 7r(X]£i r « e «) = 
X)i=i l^i = 0- By the exact sequence (|18|) . there exists a d £ ^(^E,^) such that = 

Sill r * e «- Then we nave d ) = ( e hJ2iLl r i e i) = r i > °- 

These finite dimensional spaces were introduced by Givental jGiv3j under the name "toric 
map space". They are also toric manifolds which are smooth and compact. L^j 2 can be consid- 
ered as a compactification of the space of degree c?2 — d\ maps from P 1 to Xs. In fact, when 
Jo = 0, generic elements of it represent degree d2~d\ maps from P 1 to Xs. The complex dimen- 
sion of L d 2 is equal to Yl,i0 o ( M «> ^2 — d\) + n — \Iq\. On the other hand, the virtual dimension of 

the space of degree di — d\ maps is equal to (ci(M), di—d\] +dimXs = J2i=i( u i> ^2 — d\) + n. 
Therefore, we have the inequality 

dimLj ^virt.dimHol d2 _ (il (P 1 ,X s ). 

In the case Iq = 0, we have equality. The reason why the dimension is sometimes larger than the 
virtual one is that the stable manifold and the unstable manifold do not necessarily 
intersect transversely, where 



rOO ._ 
L d 1 



( 7 i(C),...,7Jv(C))GL 



L d ^:={ (7i(C), ...,lN«))eL 



7i(C) = ^2 aiv ^ v 

v>(iti,di) 

7*(c) = Yl a ^ 



We need to deal with these intersections not geometrically but cohomologically so that we have 
the 'correct' intersection theory. For this, we later define the Poincare duals of semi-infinite 
dimensional spaces and Lf. 

Define S 1 equivariant line bundles Ci jU and Vi jU over L by 

A,k :=C x LUz/it^v, (a jfl )j tlJi ) ~ (v, t G K c , 

[«. -> [^"V (e^V)^], for G S 1 , 

V»,„ :=C x LU s /(v i (t)~ 1 v, (ajfj)]^) ~ (v, (^Oj, M )j>), * G ifc, 

where ^-(t) denotes the character corresponding to the class = ci(Vj). The line bundle Z^j, 
has the following equivariant section si u . 

&i,v' [{ a j,fJ,)j,fj] l— * [ a i,v, ( a j,fj,)j,fj]- 
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The stable manifold L°P Ccin be described in terms of the sections S{ y els 

N / \ 

= zero-locus of the section J^J jQ Sj tfM I . 

3=1 \ft<(uj,di) / 

We also define S 1 equivariant line bundle C{p a ) over L by 

£(p a ) := C x LUx/(p a (t)~ 1 v, (o^)j iAt ) ~ («, (tjdj^j^), t £ Kc, 
[v, (^>)j>] ^ [u, (e^^S'AJ, for e^ 16 G S 1 , 

where p a (i) denotes the character corresponding to the class p a . Introduce another S 1 action 
on Vi tU as scalar multiplication on its fibers. This S 1 acts on d >v and C(p a ) trivially. Thus we 
have T 2 equivariant line bundles Ci jV , Vi :U and C{p a ). Let P a := cJ 2 (C(p a )), Ui iV := cf 2 (Ci,u) 
and Vi :V := cj 2 (Vi tV ) denote the equivariant first Chern classes. Let h, X denote generators of 
the T 2 equivariant cohomology of a point, where h is a generator of the S* 1 -action rotating 
loops and A is that of the fiberwise S^-action. More precisely, let Cw n w' m denote a rank one 
T 2 module on which T 2 acts as w n w' m ^ e S=i{ne+mfi') w n w im ^ e v=T*') £ T 2_ Then wg 

define h := ef 2 (Cw _1 — > pt) and A := c± 2 (Cw'~ l — ► pt). 

Lemma 4.2. The equivariant Chern classes Ui jV , Vi jV can be written as 

r r 

Ui,u = ^ mtP a - uh, Vi, v = l i p a ~vh-\. 

a=l a=l 

The restriction of P a to the fixed component gives 

P a\(X s ) d =Pa + (Pa,d)h. 

Proof. The proposition follows from the isomorphisms Ci, u = ®„=l ^fra) 8 ™'" ® C/, Vi :U — 
<S>a=i £(Pa) &? ^CtuV" 1 and L(p a )\ {Xs)d ^ L(p a )\ {Xs)o ® CuT^ as T 2 equivariant line 
bundles. □ 

Next we define covering transformations on L. As in Sectional let {q 1 , . . . , q r } denote a 
basis of H<2(Xx;,Z) dual to {p\, ... ,p r }. Each q a defines the following covering transformation 
Q a : L. 

Q a : (71(C), • • • ,7JV(C)) " (C" m? 7i(C), • • • , C- m -7Jv(C))- 

Note that mf = (M(e*),q a ) = (e*,i(q a )} and (£ m i, . . . ,£ m Ar) is a one-parameter subgroup of 
Kc corresponding to q a . Note that Q a is an S 1 equivariant map. Over the finite dimensional 
strata, Q a defines a map Q a : L d ^ — ► L d ^_ q a . 

Proposition 4.3. The pull back of P a by Q b is 

Q b *(P a ) = P a -h5 b a 

Therefore we have the commutation relation [P a , (Q b )*] = 5 b (Q b )*. 

Proof. This follows from the isomorphism Q a * (L(pb)) = L(pb) Cw S b . □ 
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4.3. Equivariant Floer theory. As already remarked, equivariant Floer theory considered 
in this paper is Bott-Morse theory on L which uses the Hamiltonian H as Bott-Morse function. 
The gradient flows and critical submanifolds were explicitly described in the previous subsec- 
tion. None of the moduli spaces LJf of gradient trajectories is real one-dimensional. Hence all 
the differentials in the Morse- Witten-Floer complex are zero and we have an isomorphism of 
modules: 

FH*(L;H) ^ir(X E )®C[if 2 (X S) Z)]. 

We furthermore investigate a -D-module structure on the Floer cohomology. For that, we realize 
classes in Floer cohomology as classes of semi-infinite degree. 

We formulate equivariant Floer theory in the category of superspaces. An object of the 
category is a pair consisting of a topological space and a (possibly infinite dimensional) vector 
bundle on it. A morphism between two objects (M, V) and (N, W) is a pair consisting of 
a continuous map / : M — » N and a bundle map 4>: /*(W) — > V. The cohomology of the 
superspace (M, V) is defined by 

H*(M/V) := H*(M). 

The functor H* is a contravariant functor from the category of superspaces to the category of 
graded rings. For a morphism (/, <p) : (M, V) — > (N, W), we have a pull back 

(f,<f>)* : H*(N/W) H*(M/V) 

which coincides with the ordinary pull back by /. When / is a proper map between manifolds 
M and N, <j) is injective and Coker(0) is of finite rank, we can define a push-forward 

(f, </>)*: H*{M/V) -> H*(N/W), a h+ /*(« U Euler{C6k&x{(j>))). 

This raises the degree by (dim TV" — rank W) — (dim M— rank V) . This definition of push- forward 
comes from the following definition of the fundamental class of the superspaces: [M/V] := 
[M] n Euler(V) when M is a compact manifold. A cohomology class of the superspace (M, V) 
behaves like the class restricted to the zero locus of a transverse section of V. 

In order to define Floer cohomology, we use the T 2 -equivariant cohomology of superspaces. 
We have T 2 -equivariant infinite dimensional vector bundles W^ 2 over L indexed by d\ and d.2 
intf 2 pf E ,Z). 

N (n i5 di)-l / oo 

i=l v=-oo i=l i/=( Vi ,d 2 ) 

Because the cohomology of Givental's model L is the polynomial ring generated by P a , h and 
A, we have 1 

H* T2 (L/W^) = C[P 1 ,...,P r ,h,X}. 
When (itj, d'i) ^ (ui,d\) and (vi, (fe) =* {vi,d' 2 } hold for all i, we have a natural morphism 
(id,t): {L,W%*) -> (L,W%?) and a push-forward. 

N («i,di>-l I {vi,d' 2 ) 

(id, 0* : H* 2 (L/W%) ^ H* 2 (L/W*?), a » a U J] J] C/^uJJ [] ^. 

«=1 i/=(n i ,d' 1 ) i=l v={vi,d,2)+l 

general, the S 1 equivariant cohomology of the universal cover LM of free loop space for simply-connected 
manifold M contains a polynomial ring generated by two-dimensional classes of M. Furthermore, after the 
localization, we have an isomorphism 

h* s1 (lm,r) ® m] R^/r 1 ] = R[pi, • ■ • ,Pr,h,h~\ 

where {pa} r a =i is a linear basis of H 2 (M) |lril| . 
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This raises the degree by 2 J2iLi( u i' di-d' 1 ) + 2Y^ l i= i(vi, d' 2 -d 2 ). Therefore {H^ 2 (L/W^)}d 1: d 2 
forms an inductive system and we take its limit. 

A* T2 := ljmH* 2 (L/W%) [2££i<«i,di> - 2j^ =1 (v i ,d 2 ) 

dl,d,2 

where the bracket [• • • ] means a shift of grading, e.g. M[i] n = M l+n for a graded module M. 
Then A* T2 becomes a graded module because of the shift of grading. It contains H^, 2 (L/W^) as 
a submodule. Each element in A^, 2 has an infinite product expression which can be considered 
to be a push- forward to H^ 2 (L) as follows: 

N I 

aU U II U *,» u Il II V h» for a €iq*(L/W%). 

i=l v<{m,di) i=l u>(vi ,d 2 ) 

This expression is compatible with the inductive limit. 

We explain a geometric meaning of elements in A* T2 . The class 1 in H^ 2 (L/yV d 2 ) is, after 
being pushed forward to L, considered to be the Poincare dual of a zero-locus of any transverse 
section of . Therefore it represents the fundamental class of the superspace 

l oo 

( L %>® © ( 22 ) 

i=l u=(vi,d 2 ) 

over the stable manifold L°^. We relate this superspace with (the model of) the loop space of 
the complete intersection in Xy, when d\ = d 2 - When we have a transverse section s: Xy, — ► V 
and its zero-locus Y := s _1 (0), the model Ly for the loop space of Y may be written as 

L Y :={[7i,... )7iV ] €L\ S ( 7 i(C),---,7iv(C)) = 0}. 

In general, it is the wrong space. In other words, its finite dimensional strata do not have 
the expected dimensions. Instead we regard it as a superspace. The coefficient of Q v of 
s(7i(C)> • • • , 7jv(C)) takes values in the bundle Q>\ = \Vi >v . Therefore, the superspace (|22|) can 
be considered to approximate a stable manifold in LY when d\ = d 2 . 

The module A* T2 has a D po i y -module structure, where -D po iy is the polynomial part of D, i.e. 

-Cpoly : = H\. The covering transformation Q a induces maps 

and Q a * : H^ 2 (L /WjljT) -> H^ 2 (L/W^) which is compatible with the inductive limit. Thus 
we have a pull back Q a * : A* T2 — > A^ 2 which raises the degree by 2(ci(Xs/V), g a ) = degg a . By 
Proposition 14.31 -D po i y acts on by q a i— ► Q a * and p a i— > P a U. We define the T 2 -equivariant 

semi-infinite cohomology H^J 2 as a submodule of ^ 2 by 

It is a sub -Dpoiy-module of A* T2 . Define the Floer fundamental cycle A as the image in H^J 2 
of the class 1 in H* 2 (L/W#). This class A is a fundamental class of the stable manifold 

Semi- infinite homology can be defined by replacing H with —H. Define 

I {v i} di) N oo 

1=1 ^=-00 1=1 l/=( U4 ,(i 2 ) + l 
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Then we have an inductive system {H^, 2 {L /W d d \)} d-i,d 2 anc ^ its limit 

Af := lim^ 2 (L/Wj) [-2EiIi(^,^) + 2EU(^^i) 

d\,d 2 

Then A* becomes a graded module because of the shift of grading. The covering transformation 
Q a gives a push-forward Q%: H^{L/W%) -> H* 2 (L/wf x _fa). Therefore, Af has an action 
°f -Dpoiyj the polynomial part of D, by q a i— > and p a t— > P a U. The operation also raises 
the degree by degc/ a . We define the T 2 -equivariant semi-infinite homology H^, 2 as 

This is preserved by the action of -D po iy Denote by A the image in H^, 2 of the class 1 in 
HZv(L/Wq). We have a bar isomorphism between A* T2 and Af defined by ft \— ► —ft. More 
precisely, on the submodule H^ 2 (L/W^), it is defined by 

~: ^* 2 (L/W:J), f(P,h) » f(P,-h). 

The bar isomorphism maps H^J 2 to H^, 2 , i.e. : H^J 2 H^n- 

Next we define a pairing between H^J 2 and Hf^. Let a and /5 be elements of H^iL/W^) 
and H^z^L/W^ 1 ) respectively. If (u{, di — d\) ^ and (t^, efe — d\) ^ for all i, we define 

aUp:= A aU/?uTT TT V*„. 

dl 1 1 -oo 4=1 J/=(llj,rfi) 

This takes values in C[ft, A]. In general, however, it is not well-defined. 

(Case 1): When there exists iq such that {Vi ,d2 — d\) < 0. Because Vi is nef, c?2 — d\ is not 
in the semigroup A. By Lemma 14.11 we have aj ^ £ for Jo := {^| ( u i> di — d\) < 0}. Therefore 
the intersection n is empty and we set J L aUf3 = 0. 

(Case 2): When (ttj, d® — d\) ^ holds for all i. We choose d 2 such that (d' 2 — di, Ui) ^ and 
{d' 2 — &2, Ui) ^ hold for all i. Then we define 

. „ l (Vi,d2) N {ui,d' 2 ) 

aU0:= aUflull ^ U II II U ^ 

JL d 1 I I -oo 1=1 iV=(ui,dl> 1 = 1 I/=<Mi,d 2 > + l 

This does not depend on the choice of d 2 . 

We also define a g-deformed pairing (•, •) between semi-infinite homology and cohomology as 
follows: 

(a, fi) := £ /f«U for a G ^ 2 /2 ,/3 G i/^ 2 /2 , (23) 

d€H 2 (X s ,Z) JL 

where Q d := (Q l )^' d ) (Q 2 )M ■ ■ • (Q r )<*""> d >. It decreases the degree by dim M X s = 2n and 
takes values in C[ft, A] g -1 ]. 

Define := (Q d )*A for d in H 2 (X-£,%). Let i^: (Xs)^ L be the inclusion. Hereafter we 
consider A and A^ to be expanded as infinite products, i.e. 

Af I 

Ad= n n u ^ u ii n 

1=1 u<(ui,d) i=ly>(vi,d) 
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We define a localization map i* d {- / A d ) : At, 2 — ► H*(X^) © C(A, ft) by using Lemma II~2l as 



■hi 



l T 2 

_^ ^ ._„•*/ „ , , TT Ali/<K,di> ^ , , TT Il^^.da) ^ 

A, 




IL>q(^ + - di) + Uu>o( v i + d v i> d-d 2 )~ v)h - A) 



(24) 

for a G H^, 2 (L/W d ^). We can see that the right hand side gives an element in H*(X^)®C(X, ft). 
The denominator i d (A d ) is considered to be the Euler class of the negative normal bundle of 
(Xs)d- Therefore, this map defines a partial integration over an open stratum of the unstable 
manifold (-kloo>®i=i ® v <^( Ui ,d) of (X%)d- This localization also appears in |Vlaj . We next 
describe the restriction of the localization map to H^J 2 . 

Lemma 4.4. On the submodule H^J 2 , i* d (-/A d ) takes values in H*(X>~;) (8> C[A, ft, ft -1 ]. More- 
over, if d ^ A, we have i d (A/A d ) = 0. 

Proof. Consider the case where d\ = d 2 in the equation (|24jl , and set d' = d — d\ = d — d 2 . It 
suffices to consider the case where there exists iq such that (vi ,d') < holds. In this case, d' 
is not in the semigroup A because Vi is nef. Therefore by Lemma 14.11 we have aj ^ S for 
7o := {i\ (ui,d') < 0}. Hence by (|2()|). we have IlieJo u i = 0- Because the first term contains 
this factor, i,(a/A d ) vanishes. The last statement follows from the same argument. □ 

By using the lemma, we define a map 3 : H™ /2 - tf*(X E ) © C[ft, ft" 1 , A][g, <T X ] by 

S(a):= X) ^f^)" (25) 



deH 2 (X s ,Z) 



Proposition 4.5. Tfte map 3 zs a Cfg 1 , . . . , q r ]-linear injection and preserves the degree. More- 
over, restricted on C[Q*, P, ft, A] A, it takes values in H*(X%) <8> C[ft, ft" 1 , A] [a]. 

Proof. It is clear that H preserves the degree. First we have 

'Q a *( a )\ -*^a* ( a \ ( a 



because Q a oi d = i d - q a. Thus, 3 is Cfo 1 , . . . , g r ]-linear. Set a = f(P, ft, A) A for some polynomial 
/. If (p a ,d) < holds for some a, we have i d (A/A d ) = because p a is nef and d ^ A. 
Therefore 3(a) has no negative powers of q a . From this we see that 3(C[Q*, P, ft, A] A) C 
H*(Xe) <S> C[ft, ft -1 , A][(/]. Finally we show the injectivity of 3. Suppose we have 3(a) = for 
a = f(P, ft, A) G H^ 2 {L/W d l). Take d! such that (m, d' - dj) > holds for all i, j. In this case 
we also have (vj, d! — dj) > because d! — dj is in A by Lemma |4~T1 Then we have 



= & f ^) = /(p a + (Pa, d')ft, ft, A) U 



Therefore, we have f(p a + (p a , d')H, ft, A) = in H*(X) ® C[ft, A]. It holds for all d' satisfying 
(itj, <i' — d,-) ^ 0, hence we have / = as a polynomial. □ 

Lemma 14.21 immediately establishes the following differential equation which is the same as 
the one in Lemma 13.191 
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Proposition 4.6. 

E(P a Ua) = (hq a -^+p a )~(a). 

In semi-infinite homology, we define := Qf(A). Similarly, for an element a in H^, 2 , 
we have a well-defined element i*_ d {a/ 'A d ) in H*(Xj^) (g) C[A, ft, ft" 1 ]. Therefore we can define 
H: fl^ /2 - £T*(X E ) ® C[A,n,r 1 ][g,g- 1 ] by 



B(a)=- £ 



This is related to H by the formula S = oHo , where acts on H* (X%) (g) <C[ft, ft~ , A] [qj by 
ft i — ^ — ft. The map E is also a Cfg 1 , . . . , q r ]-linear injection and preserves the degree. Moreover, 
restricted on C[Q*, P, ft, A] A, it takes values in H*(X^) (g) C[ft, ft -1 , A] [q]. 

We calculate the pairing by using the localization theorem in equivariant cohomology, see 
e.g. |ABj . For d in H2(Xs,Z), we define a map U -)/Ed as follows: 

u P) ■* ( a \ ■* f I 3 \ , , TJf u f ^ uT 2 zW 2 
E~ d :=Zd [^r~ d ) ld \K~ d ) U ll^- A )' foraeH oo/2»^V • 

Formally, can be written as n»=i rL^o( n » ~~ Yli=i Y[i>( v i — vh—\). It is considered to be 
the Euler class of the normal bundle of {X^)d- A direct application of the localization theorem 
shows 

Proposition 4.7 (localization). 

q(au/3) 



This is an infinite dimensional version of the localization theorem. Note that each term on 
the right hand side is in the localized ring C[A, ft, ft -1 ], but the total sum is in C[A, ft]. 

Proposition 4.8. For a G H^^ 2 (L) and (3 G H^J 2 (L), we have 



(a, (3)= S(«)UH(/3)U Euler 5 i(V). 
Jx s 

Proof. This is a direct consequence of the localization formula. 

i d ,(aUQ~ d *f3) 



= £ £ / 

deH 2 {x^,i) d'eH 2 (x i: ,Z) JXs ^ 



Z(a) UE(f3) U Euler s i(V). 

A E 



□ 
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The proposition corresponds to the definition of pairing in the abstract quantum D-module. 
Finally we define equivariant Floer cohomology and homology. Consider a -D po iy module 

H^J 2 + := C[Q*, P, H, A] A C H^J 2 generated by A. It has a Q-adic topology which is Hausdorff 
because of the injectivity of S. Define equivariant Floer cohomology FH^ 2 by 

FH?p2 '■= H^J 2 ^ := limi?^ ^ /m"ff" 2 ^ , 

n 

where m is the ideal of -D po i y generated by Q a * . Then FH^ 2 becomes a D-module (not just 
a -Dp i y -module) ■ The map E can be extended to this completion and defines an embedding 
S: FH^2 ^ H*(X%) (8) C[H, K~ , A][g]. Similarly, we define the equivariant Floer homology 

FH t2 . We have a bar isomorphism : FH^, 2 FHj 2 . FHj 2 is a D-module and we have an 
embedding 5: FH? w H*(X S ) C[h, h~ l , \}{q\. By Proposition Ol we extend the pairing 
(•, •) between Floer homology and cohomology. 

(;■): Ffff xF4 2 ^C[M][?]. 

Remark 4.9. So far, we have studied T 2 -equivariant Floer cohomology. In the case of a 
toric variety itself, there is no S 1 acting on the fiber of V . Hence, it is natural to consider 
S 1 -equivariant Floer cohomology FHg X . (There remains the S 1 action rotating loops). For 
the superspace, the fiberwise S 1 action on V is introduced in order to ensure that the pairing 
becomes non- degenerate. After we take a frame <3? of T 2 - equivariant Floer cohomology as in the 
next subsection, we can take A to be zero and obtain the S 1 -equivariant version. In Section^ 
we considered only the case where A = 0, however, it easy to develop the theory including A. 

4.4. Quantum D-modules and Equivariant Floer Theory. We shall show that the equi- 
variant Floer cohomology is an abstract quantum -D-module and coincides with the quantum 
.D-module arising from the quantum cohomology of the superspace (X-£,V). First, we must 
define its frame. By the existence of the embedding S, the zero-fiber of FH^, 2 is isomorphic to 
H*(Xy) ®C[H, A] through the localization map ig(-/A). We regard this isomorphism as a fixed 
choice of a frame of the zero-fiber. Choose a basis {To(p), . . . , T s (p)} of H*(X%), where Tj is a 
polynomial inpi, . . . ,p r and To(p) = 1, T a {p) = p a for 1 <■ a < r. Then we define a frame $ as 
the C[h, A] [g] -linear map: 

$: H*(X S ) C[h, X][q] -> FH* T2 , T a (p) ^ T a (P)A. 

This clearly preserves the degree. Correspondingly, we define <I> by 

¥: H*(Xx) C[h, \][q] -> FHf, T a (p) » T a (P)A. 

First we claim that $ defines an isomorphism over C[K, A]]//]. Composing <J> with H, we have 

Hof: F*(X s )<g>C[M]M - fT*^) ® C[M~\ A][g], 




From this we see that E o $ is injective. Therefore, $ is also injective. For the surjectivity, 
it suffices to show that f(P) • A is in the image of <3? for any polynomial /. By (|26[) . we can 
easily deduce that there exists an element xo in H*(Xe)®C[H, h , A][g] such that So $(xo) = 
E(/(P)A) holds. We would like to show that xq is an element of H*(X^)[h, X\{q}. Consider 
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the pairing (•,•)$ defined by 

(a,/?)* := (¥(a),*(/3)) 

= / aU/?U Euler s \ (V) + higher order terms in 

If we invert the variable A, this becomes a perfect pairing on H*(X%) (g) C[/i, A, A" 1 ]]^] which 
takes values in C[h~, A, A _1 ][(7]. On the other hand, we have for any a, 

(T tt (p),x )* = ($(T a (p)),/(P)A) G C[A,ft]fe]. 

Therefore, x is contained in iI*(X s ) <g> <C[/i, A, A _1 ][g]. Thus we have x £ H*{X-z) (g) C[H, A] [g] 
and the surjectivity of $ is proved. 

It is easy to check that <1> induces the frame $0 = *o("/A) of the zero fiber and $0 becomes 
an isomorphism of C[p, ^-modules. By definition, we have &(p a ) = -fa^Kl)- Therefore $ 
and the generalized coordinates (Q* , P) are compatible. This frame defines a connection V = 
d+ \ Q a dq a /q a on the bundle. It satisfies lim^o = (p U). 

Next we claim that the End(y)-valued function S in Proposition I.S.Cil can be written as 
S := (S o <3?) _1 . The initial condition S(q = 0,ti) = I is clear. Proposition 14.61 shows that S 
satisfies the differential equation: 

nvls = h\7 a S -So (p u) = 0. 

The equation V^S 1 = [ad(£),S] = holds because S preserves degrees. Consequently S is the 
flat section in Proposition 13.61 In particular, S in this section coincides with that in Section [3 
Therefore, by Proposition 14.81 the pairing as an abstract quantum D-module is identical with 
the pairing (•, •) between equivariant Floer homology and cohomology. The pairing (•, •) in the 
Floer theory is polynomial in H. This fact together with Proposition 13.201 and Remark 13.211 
shows that (•,•) can be identified with the Poincare pairing (-,-) v of the superspace (Xs,V) 
after we take the canonical frame. 

The J-function of FH^ 2 is calculated as follows. 



« 11 n°°.r„, 11 



By Givental |(iriv3j . when ci(Xs/V) is nef, the above function coincides with the J-function 
of the superspace (Xs,V) after a suitable mirror transformation. The necessary coordinate 
change can be done uniquely as in Proposition 13.181 Because abstract quantum D-modules 
are determined by J- functions (Theorem 13. 17ft . we conclude that our equivariant Floer co- 
homology FH^ 2 is isomorphic to the quantum D-module of the superspace (Xs,V) as an 
abstract quantum D-module. We remark that there exist natural generalized coordinates 
(Q l * , . . . , Q r *,P\, . . . , P r ) in equivariant Floer theory. These coordinates are not necessarily 
affine, and we need a mirror transformation. Even in that case, however, we need not change 
the normalization, i.e. the normalization vector of equivariant Floer theory is identical with 
that of the quantum D-module. 

Theorem 4.10. Let Xy, be a toric manifold and V = (Bl=i H be a sum of nef line bundles over 
X-£. The equivariant Floer cohomology FH^ 2 is an abstract quantum D -module endowed with a 
choice of a frame $0 of the zero-fiber and generalized coordinates (Q 1 * , . . . , Q r *,P\, . . . , P r ). If 
c\{Xn/V) := ci(Xs) — ci(V) is nef, it is isomorphic to the quantum D-module of the superspace 



:-!2 



HIROSHI IRITANI 



(X-£, V) as an abstract quantum D-module with a fixed choice of <£o an d a normalization vector 
vq = (d/dq 1 )o + • • • + (d/dq r )o. Moreover, 

(1) The map 5 defined in (|£5j) coincides with the S as an abstract quantum D-module. 

(2) T/ie pairing (•, •) between equivariant Floer homology and cohomology defined in f\23h 
coincides with that as an abstract quantum D-module. It can be identified with the Poincare 
pairing (•, - ) v after we take the canonical frame. 

Remark 4.11. From the above theorem and Corollary \3.1 6 A we can calculate all genus zero 
Gromov- Witten invariants of Xy, by using the equivariant Floer cohomology. 

5. Examples 

We illustrate the general theory with two examples concerning a Hirzeburch surface. We 
obtain the quantum multiplication tables by using the equivariant Floer theory constructed in 
Section EJ 

Consider the Hirzeburch surface Fx := P(0(1) © O), where O is the structure sheaf of P . It 
is described by the fan E in M 2 whose one skeleton E^ consists of four vectors 

Xi = (1,0), s 2 = (-l,-l), s 3 = (0,1), x 4 = (0,-l). 

Let Ui be the cohomology class corresponding to x%. We have the following relations. 

ui = u 2 , u 3 = u 4 + u 2 , uiu 2 = 0, U3U4 = 0. 

We can see that u± is the class of the fiber of Fi — > P 1 and that U3 and U4 are classes of the 
zero-section and the oo-section respectively. We take p\ := u\ and p 2 ■= U3 as a basis of H 2 (¥\). 
The Kahler cone of H 2 (¥\) is generated by p\ and p 2 - The set {l,Pi,P2,PiP2} forms a linear 
basis of the total cohomology ring H*(¥i). The first Chern class of ¥\ is ci(Fi) = p\ + 2p 2 . The 
classes pi, p 2 may be lifted to the equivariant classes Pi, P 2 in Givental's model for LFi. Let 
Q 1 , Q 2 denote the covering transformations dual to pi, p 2 and q , q 2 denote the corresponding 
variables. We have degg 1 = 2 and degg 2 = 4. The Floer fundamental cycle is 

a = n(Pi - H(p 2 - vh) H(p 2 -p x ~ v ^ 

u<0 u<0 u<0 

From this and the formula Q a *(Pb) = Pb — S?H, we can derive the Picard-Fuchs equations. 

(P 2 -P 1 + ft)Q x *(A) = P 2 A, Q 2 *(A) = P 2 (P 2 - P X )A. 

The equivariant Floer cohomology FH^ is generated by A over the Heisenberg algebra C[h] [Q*J[P] 
with the above relations. We take a frame $ of FH^ as 

$(1):=A, $(p 1 ):=P 1 A, $(p 2 ) := P 2 A, ^( PlP2 ) := P ± P 2 A. 

By using the Picard-Fuchs equations, we easily obtain the connection matrices f2 2 defined 
by *(n a (a)) = PaHa). 

/0 g 2 g x g 2 \ 
g 2 
10 
\0 1 1 / 

Note that $(g a a) = Q a *($(a)) by definition. These connection matrices are already h- 
independent, therefore the frame $ defined above is canonical. Hence we can identify the 
above matrices with the quantum multiplications by pi, p 2 , i.e. p a * = Q a . They agree with 
Appendix 2 in |Guelj . 



J2i 



/0 q 1 q 2 \ 

1 -g 1 

g 1 

\0 1 ) 
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Next we consider the case where we need a mirror transformation. Let V be a semi-positive 
line bundle over Fi such that ci(V) = 2p 2 . Then we have a convex superspace (Fi,V) whose 
first Chern class is ci(Fi/V) = Pi- In this case, we have degq 1 = 2 and degq 2 = 0. The Floer 
fundamental cycle A v is written as 



A v = JJ(Pi - vhf H(P 2 - vh) H(P 2 -P x - vh) ]J(2P 2 - vh). 



u<0 



u<0 



u<0 



u>0 



Prom this, we derive the Picard-Fuchs equations as 

(P 2 -P 1 + h)Q 1 *A v = P 2 A V , 2P 2 (2P 2 -h)Q 2 *A v = P 2 (P 2 - P 1 )A V . (27) 

The equivariant Floer cohomology FH^^ is generated by A v with the above relations. We 
define a frame of FHg± v in the same way. Then, by using the Picard-Fuchs equations for 
A v , we obtain connection matrices Q\, Q 2 as follows. 



/0 2h 2 -^\ 
1 -x 



x 6h^ 

i m 

l-4y 



\0 1 





( 





2h 2 y 













^2 = 


1 









V° 


1 


1 

l-4y 



I— Ay 
btl {l-Ay)^ 

fife y _i_ a xy I 



Here, we put x = q , y = q 2 for notational convenience. These connection matrices contain 
H, therefore $ is not canonical in this case. In order to obtain a canonical frame, we perform 
the Birkhoff factorization for S$ . According to Section |1J the inverse of 5$ is given by the 
composition So$, 



S^ia) = 3 



s(*(«))= Yl xdl y d2i *^( w 



a 



di,d,2>0 



) rf i(Q 2 *) d2 A v J ' 



where i* d ^ 2 (P a ) = Pa + d a h. The J-function J$ is given by 

e -( Pl lo gX+P2 lo g y)/hj =S -l (1)= y- Ul=l(2P2 + Vti) UZd 2 -d 1+ M -P1+ vK ) 

* * dl X>o UtM + UtM + *h) UZi(P2 - pi + vh) 

-T +T Pl +T P2 + T PlP2 

_I +J 1 _+I 2 _+I3_, 
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where Iq, I±, I 2 , I3 are defined as follows: 



—v d2 



d 2 >di 

kd 1 ,d2(Ad,2-di 

7, kd 1 ,d 2 (2A 2 d 2 - 



2A 



di 



rpdl 



A 



dz 



A 



d 2 <dx 
di 



-1) 



d\ — d 2 



X 



,da 



x 



d 2 -d\j 



-y 



di 



7, l d,.d 2 

d 2 <di 



ldi,d 3 (-l) 



d\-d 2 ■ 



fid! 



,d 2 



X 



kd±,d 2 
D d lt d 2 

A n 



(2d 2 



-y d2 D dud2 + £ <'di,d 2 

d 2 <d\ 

I (2d 2 )\(d 1 - d 2 



ldi,d 2 '■- 



A dl _ d2 _!)(-1) 
-1)! 



di-d 2 ■ 



(di!) 2 d 2 !(d 2 -di)!' ai ' a2 ' (di!) 2 d 2 ! 
4£> 2c 2 2 + -B^ + Crf 2 — B d2 _ dl — C d2 _ dl — 4A dl A 2 d 2 — 2A 2d2 A d2 + 2A dl A d2 + 2A dl A d2 _ dl , 

-, Aq : = 0, 2? n := — . 

1 f— f 



-E>0 = -Bi := 0, C„ 



£ ,-2 



2B„. 



l<.i<.n 



We can write S$ 1 in terms of Iq, I±, I 2 , I3. 



hi' 



#P 



\ 



h(i + r 2 ) 



( i hi 
h/h i + h i[ 

h/h I 2 Iq + 1 2 

\h/h 2 {i 2 + h)h (i' 3 + h + i 2 )/h i + h + i 2 + i' 2 + PJ 

where / means xdl/dx and /' means ydl/dy. We factorize Si, 1 as ST, 1 = SZ ST , where S + 
is a power series in h and S- is a power series in hr 1 satisfying S-(h = 00) = id. We calculate 
S^ 1 by Maple 

2x(y + 6y 2 + 30y 3 + 140j/' 

I n 

S 



1l+2y + 6y" + 20y' 5 + 701/" 
s 



1 + 2y + 6y" + 20y' 1 + 70y" 





2a:(y + 10y 2 + 70y 3 + 420y 4 ) 

2(y + 7y 2 + 38a 3 + 187y 4 ) 
1 + Ay + 16y 2 + 64y 3 + 256y 4 




8n: 2 (y 2 + 14y 3 + 126y 4 ) \ 
8x(y 2 + lly 3 +82y 4 ) 
Ax(y + Sy 2 + 48y 3 + 256y 
1 + 4y + 16y 2 + 64y 3 j 



+ ft 



/0 2y + 12y 2 + 60y 3 + 280y 4 





\0 

/2x(y + 4y 2 + 16y 3 + 64y 4 ) 
1 - + 5 y 2 + fy 3 + §y 4 



2n:(y + 12y 2 + 90y 3 + 560y 4 )\ 
2y + 12t/ 2 + 60y 3 + 280t/ 4 





+ 0(y 5 ), 



/ 

















1 














1 






\o 













2cc 2 (y 2 + 8y 3 +48t/ 4 ) 
x(-l + 2i/ 2 + 12y 3 + 58y 4 ) 
x(l + 2y + 6y 2 + 20y 3 + 70y 4 ) 2x(y + 3y 2 + Wy 3 + 35y 4 

35, ,4 



2x 2 {y 2 +8y 3 + 48y 4 ) 
2a;( ! / 2 +6i/ 3 +29y 4 ) 



1 

ft2 



3x 2 (j, 2 +8ij 3 + 48y 4 ) 
C (-l-2y-2a 2 +6 W 3 + ify 4 ) 
2y + 10y 2 + 42y 3 + Sily 4 ) 

\ -2 y +| y 2 + fy 3 + 



x(l ■ 



4^(^ + 12^) 
a; 2 (-2 i j 2 -8 a 3 - 15/) 
x 2 (3y 2 +24y 3 + 143j/ 4 ) 
x(-l - 2y - 2y 2 + 2y 3 + f »*) ^(-2,^ - 2y 2 + 2y 3 + f y 4 ) 



4rE 3 (y 3 + 12y 4 ) 
2 (I-2,/-8 y 3 -15s, 4 ) 
x 2 {- \ + 3y 2 + 24y 3 + 143i/ 4 



1 

^ ft 3 " I x 2 ( 



x 2 (i 



-w - J fy 2 -42y 3 -a 
+ y + J #y 2 + 46y 3 + - 



^ 4 ) 



v k(-2 - 4y - 16t/ - 53y 3 



x 3 (-, 



5i 4 y 4 
r - y 2 - 14y 3 - 105y 4 ) 
+ y 2 + f y 3 + 113y 4 ) 
- f y 2 - 32y 3 - ^y*) 



5x 4 y 4 

x 3 (-y 2 - 14y 3 - 105y 4 

^ 3 (y 2 + f v 3 + us/) 






<V 

°\ 






32y 3 



^ 4 ) 0/ 



By the proof of Theorem 13.91 5+ gives the gauge transformation Q such that := 
canonical. First, the connection matrices are transformed as follows: 



+ 0(ft- 4 ,y 5 ). 



$ o Q is 



Oi = S , , 1 OiS' + + /ix 



dS + 
dx 



5y 
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We have 



S2i 



( 1 - 2y - 2y 2 - Ay 3 - 10y 4 



v 

r 2xy + 8xy 2 + 32xy 3 + \28xy 4 


v 
/2xy + 16xy 2 + 96xy 3 + 512xy 4 
2y + 10y 2 + AAy 3 + 186y 4 
1 + 2y + 6y 2 + 20y 3 + 70y 4 
\ 



-2xy - Axy 2 - 12xy 3 - AOxy 4 -2yh - 2xy - Axy 2 - 12xy 3 - AOxy 



■ 2y - 2y* - Ay" 





10y" 



-x + 2xy z + \2xy" + 58xy* 
- 2xy + Sxy 2 + 20xy 3 + 70xy 4 


Ax 2 y 2 + A8x 2 y 3 + 38Ax 2 y 4 
Axy 2 + 36xy 3 + 232xy l 



-2y - 2y^ - Ay" - Wy* 
I- Ay 




2xy- L + 12xy" + 58xy a 
2xy + 6xy 2 + 20xy 3 + 70xy 4 
1 

Ax 2 y 2 + A8x 2 y 3 + 38Ax 2 y 4 
Axy 2 + 36xy 3 + 232xy 4 



1 -2xyh\ 
~2yh 
—Axy 
I -Ay J 

\ 



+ 0(/), 



2xy + I2xy* + 60xy 3 + 28(tay 2xy + 12xy* + 60xy 3 + 280xy 

1 + 2y + 6y 2 + 20y a + 70y 4 







°\ 




0/ 



+ 0(y 5 ), 



+ 0(y 5 ). 



1 + 2y + e V " + 20y" + 70y* 

Second, we must transform coordinates. We can read the coordinate transformation (mirror 
transformation) from S+ and £l a . The mirror transformation is determined by 



fiaU) 



dF 



d log q b 



d log q a d log q a 



Pb- 



(See equations (|13|) . H14|).) From this, we calculate the transformation as 

x = x(l - 2y + y 2 ), y = y - 2y 2 + 3y 3 - Ay 4 + 5y 5 + • 

where x = q 1 and y = q 2 . The function F can be calculated as 

F = -2x{y + Ay 2 + 16y 3 + 64y 4 + •••) = -2zy. 

The connection matrices are further transformed as 

dF 



(28) 
(29) 



dlogx- dlogy- 



We have 

/o 

o, = 



1 





d log x 



Ax 2 y 2 
—x(l — y 2 
x(l-y 2 ) 




d log x d log x ' 



Ax 2 y 2 
2xy 2 
-2xy 2 
1 



\ 




-2xyJ 



o 
i 



dlogx* dlogy 



dlogy 



Ax 2 y 2 
2xy 2 
-2xy 2 
1 



^2 + 



dF 



d log y d log y 



Ax 2 y 2 



\ 



Axy 
—Axy 2 



l-2{y + y 2 + y 6 + ■■■ 







-2xy) 



They are /i-independent, therefore the frame <3? = <!> o S+ is canonical. The function / in the 
equation (fTS|) is given by / = S + (l) = 1 — 2y — 2y 2 — Ay 3 — 10y 4 — • • • . 

In the above calculation, we solve for each coefficient of x l y J recursively. Thus we do not 
reach the exact solution by this method. However, in this case, we can obtain the exact solution 
by an analytical method. The (l/?i)-expansion of J$ is 



where 



3 (pi logz+p 2 \ogy)/h 



-i 



j + \ ( H iPi + H 2Pz 



F 
7 




V 1 - 4y, F(x,y): 
2 . ,1 1 



xy- 



df/dy 



2xy 



I- Ay' 



yr^ log( 2 + 2vr^% / ' 



A n )v r 



n=0 



log( 



l + VT=±y~, 



:-SR 
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This asymptotics and Proposition 13. 181 show that the mirror transformation is given by 

J$ i — > fe F/h .U, log x = log x + fH h log y = log y + /# 2 - 
The inverse change of variables is given by the simple formulas. 

x = x(l-y) 2 , y= (1 ^ )2 - 

From this, it follows that / = (1 — y)/(l + y) and F = —2xy. They coincide with the equations 
ipgj). (J2U). We transform A v and P a as 

A v =/A v , 

p dlogx dlogy 9F 

a log x a log x a log x 

* dlogx dlogy dF 2y 1 -y 

P2 --Pi + r^2 + = 7P1 + rT^ P 2 - 2xy. 

a log ?/ a log y a log y 1 — y 1 + y 

Then the Picard-Fuchs equations (|27|) is transformed as 

A 2 A V = 4x 2 y 2 A v - x(l - y 2 )(AA v - P 2 A V ), 

2xy(l + y)(AA v - P 2 A V ) + (1 - 3y)AAA v + 2yP?A v - (1 - y)P|A v = 0, 

where, by the abuse of notation, x, y mean the pull-backs by the corresponding covering 
transformations. We define a new frame <fe as 

$(i) = A V , 4>( Pl ) = AA v , <I( P2 ) = AA V , 

$(pip 2 ) = AAA V + 2xy 2 (A - A)A V - 4x 2 y 2 A v . 

By using the Picard-Fuchs equations, we can obtain the same connection matrices CIq, as above, 
but the (4, 3)-entry 1 — 2(y + y 2 -\-y 3 + - • • ) of Cl^ is replaced by the exact formula (1 — 3y)/(l — y). 
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